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A. BRUDNYI AND D. KINZEBULATOV 

Abstract. We develop complex function theory within certain algebras of holo- 
morphic functions on coverings of Stein manifolds. This, in particular, includes 
the topics of holomorphic extension from complex submanifolds, corona type theo- 
rems, properties of divisors, holomorphic analogs of the Peter- Weyl approximation 
theorem, Hartogs type theorems, characterization of uniqueness sets. Our model 
examples covered by this theory are: (1) algebra of Bohr's holomorphic almost pe- 
riodic functions on tube domains; (2) algebra of all fibrewise bounded holomorphic 
functions (e.g., arising in the corona problem for H°°). 

Our basic tools used in the proofs are new Cartan type theorems A and B 
for analogs of coherent sheaves on the maximal ideal spaces of these algebras 
generalizing the classical Cartan theorems. 



1. Introduction 

In the 1930-50s K. Oka and H. Cartan laid down the foundations of the modern 
function theory of several complex variables. In particular, they introduced the 
notion of a coherent sheaf and proved the following fundamental facts: 

(A) Every germ of a coherent sheaf A on a, Stein manifold X is generated by its 
global sections (" Cartan theorem A u ). 

(B) The sheaf cohomology groups H l (X, A) (i > 1) are trivial ("Cartan theorem 
B u ). 

Let us recall that a sheaf of modules over the sheaf of germs of holomorphic 
functions on X is called coherent if locally both the sheaf and its sheaf of relations are 
finitely generated. The class of coherent sheaves is closed under natural operations. 
Most sheaves that arise in complex analysis are coherent, see, e.g., |GrR] for details. 

A Stein manifold is a complex manifold that admits a proper holomorphic em- 
bedding into some C n . 

Cartan theorems A and B together with their numerous corollaries constitute the 
so-called Oka-Cartan theory of Stein manifolds. Applying these theorems one ob- 
tains solutions (in algebra 0(X) of holomorphic functions on a Stein manifold X) to 
all classical problems of function theory of several complex variables (such as Cousin 
problems, the Poincare problem, the Levi problem, the problem of holomorphic ex- 
tension from complex analytic subsets, corona problems and many others, see, e.g., 
[GrR]). 
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Further development of complex function theory was motivated, in part, by the 
problems requiring to study properties of holomorphic functions satisfying special 
conditions (e.g., certain growth conditions 'at infinity'). As a result, the questions 
of whether the problems of the classical complex function theory can be solved 
within a proper subclass of 0(X), e.g., consisting of holomorphic //-functions on 
X, 1 < p < oo, with respect to a suitable measure, started to play an important 
role. However, trying to incorporate in the proofs such conditions as L p -summability, 
the classical Oka-Cartan theory encounters considerable difficulties. In particular, 
one has to amplify the sheaf-theoretic methods of Oka-Cartan, e.g., by integral 
representation formulas on complex manifolds, estimates for solutions of (^-equations, 
etc (see [HLJ). 

Nevertheless, in some cases the methods of the Oka-Cartan theory can be extended 
to work within some special classes of holomorphic functions. The present paper 
studies one of these cases. 

DEFINITION 1.1 . A holomorphic function / defined on a regular covering p : X — > Xq 
of a connected complex manifold Xq with a deck transformation group G is called 
a holomorphic a-function if 

(1) / is bounded on subsets p _1 ([/o), Uo <s X , and 

(2) for each x G X the function G 3 g h->- f(g ■ x) belongs to a fixed closed unital 
subalgebra a := a(G) of the algebra £oo(G) of bounded complex functions on G 
(with pointwise multiplication and sup-norm) that is invariant with respect to the 
action of G on a by right translations: R g (u)(h) := u(hg), u 6 o, g, h G G. 

We endow the subalgebra O a (X) C 0(X) of holomorphic a-functions with the 
Frechet topology of uniform convergence on subsets p^iJJo), Uo <s X . 

The model examples of algebras o and O a (X) are given in Examples 11.21 and 11.41 
below. 

In the present paper we obtain analogs of Cartan theorems A and B for coherent- 
type sheaves on the fibrewise compactification c a X of the covering X of a Stein 
manifold Xq, a topological space having certain features of a complex manifold (see 
Definition 12. II below) . In our proofs we use some results and methods of the theory 
of coherent-type sheaves taking values in Banach or Frechet spaces, pioneered by 
Bishop and Bungart |Bul[ IBu2j and developed further by Leiterer [Lt] (on Stein 
spaces), Lempert |Lemj (on pseudoconvex subsets of Banach spaces with uncondi- 
tional bases) and others. 

In the second part of the work |BrK3j we use our Cartan type theorems A and B to 
derive within subalgebra O a (X) the basic results of complex function theory, includ- 
ing holomorphic extension from complex submanifolds, Cousin problems, properties 
of divisors, corona-type theorems, holomorphic Peter- Weyl-type approximation the- 
orems, Hartogs-type theorems, describe uniqueness sets of holomorphic a-functions, 
etc. 

Example 1.2 (Holomorphic almost periodic functions) . The theory of almost pe- 
riodic functions was created in the 1920s by H. Bohr and shortly found numerous 
applications to various areas of mathematics, including number theory, harmonic 
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analysis, differential equations (e.g., KdV equation), etc. Recall that a function 
/ G 0(T) on a tube domain T = R n + ifi C C n , Q C MJ 1 is open and convex, is called 
holomorphic almost periodic if the family of its translates {z h-> f(z+s), z G T} s€ Rn 
is relatively compact in the topology of uniform convergence on tube subdomains 
X" = M. n + iQ', Q' <<= Q. The cornerstone of Bohr's theory (see [Bo]) is his approxi- 
mation theorem stating that every holomorphic almost periodic function is uniform 
limit (on tube subdomains T' of T) of exponential polynomials 

m 

(1.1) z^^c k e i{z ' Xk \ zeT, c fe GC, A fc Gl n , 

fe=i 

where (-, •) is the Hermitian inner product on C n . 

The classical approach to study of holomorphic almost periodic functions exploits 
the fact that T is the trivial bundle with base Q and fibre M n (e.g., as in the char- 
acterization of almost periodic functions in terms of their Jessen functions defined 
on Q, see, e.g., |Sh| ILevt IJT} IRon} \FR\ IToj ) . By considering T as a regular covering 
p : T — > T (:= p(T) C C n ) with the deck transformation group Z n , 

p(z):=(e lz \...,e lz "), z = (z u . . . , z n ) G T 

(a complex strip covering an annulus if n — 1), we obtain 

Theorem 1.3 ( |BrK3j ). A function f G 0{T) is almost periodic if and only if 
feO AP (T). 

Here AP = AP(/L n ) is the algebra of von Neumann's almost periodic functions 
on group Z n , i.e., those bounded complex functions whose families of translates are 
relatively compact in the topology of uniform convergence on Z n . 

This result enables us to regard holomorphic almost periodic functions on T as: 

(a) holomorphic sections of a certain holomorphic Banach vector bundle on T ; 

(b) holomorphic-type functions on the fibrewise Bohr compactification of the 
covering p : T — > T , a topological space having some properties of a complex 
manifold. 

As a result, we can apply methods of multidimensional complex function theory 
(in particular, analytic sheaf theory and Banach-valued complex analysis) to study 
holomorphic almost periodic functions. 

It is interesting to note that already in his monograph |Bo] H. Bohr uses equally 
often the aforementioned "trivial fibre bundle" and "regular covering" points of view 
on a complex strip. We note also that the Bohr compactification of a tube domain 
M. n + ifl in the form bMJ 1 + iQ, where bMJ 1 is the Bohr compactification of group M n , 
was used earlier in |Favlt IFav2| IGri] . 

Example 1.4. (1) Let a :— £oo{G) be the algebra of all bounded complex functions 
on the deck transformation group G = p^(x), x G X , of covering p : X — > X Q . 

By definition, every subalgebra O a (X) C Og ao (X), := £oo(G). 

Algebra Ot^X) arises, e.g., in the study of holomorphic L 2 -functions on cover- 
ings of pseudoconvex manifolds |GHS[ IBr2[ IBr5[ ILa] , Caratheodory hyperbolicity 
(Liouville property) of X |LS| ILinj . corona- type problems for bounded holomorphic 
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functions on X [BrlJ. Earlier, some methods similar to those developed in the article 
were elaborated for algebra Oi ao (X) in |Brl] - jBr4] in connection with corona-type 
problems for some subalgebras of bounded holomorphic functions on coverings of 
bordered Riemann surfaces, Hartogs-type theorems, integral representation of holo- 
morphic functions of slow growth on coverings of Stein manifolds, etc.; that work 
was motivated by the fact that if X is compact, then Ot OB (X) = H°°(X), the alge- 
bra of all bounded holomorphic functions on X (the most important cases are when 
X is the unit ball or polydisk in C n ). 

(2) Let a := c(G) (with card G = oo) be the subalgebra of bounded complex 
functions on G that admit continuous extensions to the one-point compactification 
of G (here we consider G equipped with discrete topology). Then O c (X) consists of 
holomorphic functions having fibrewise limits at 'infinity'. 
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2. Main results 

In some cases the maximal ideal space of algebra O a (X) may be presented as a 
'fibrewise compactification' c a X of the covering p : X — >■ Xq. Now we briefly present 
this construction referring to Section H] for further details. 

Let M a denote the maximal ideal space of algebra a, i.e., the space of all non-zero 
continuous complex homomorphisms of a endowed with weak* topology (of a*). The 
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space M a is compact and Hausdorff, and every element / of o determines a function 
/ G C(M a ) by the formula 

f(v)-=r](f), V^M a . 

Since algebra o is uniform (i.e., ||/ 2 || = ||/|| 2 ) and hence is semi-simple, the homo- 
morphism": a — > C(M a ) (called the Gelfand transform) is an isometric embedding 
(see, e.g., |Gamj ) . We have a continuous map j = j a : G — > M a defined by associat- 
ing to each point in G its point evaluation homomorphism in M a . This map is an 
injection if and only if algebra a separates points of G. 

Let G a denote the closure of j(G) in M a . If algebra a is self-adjoint (i.e., closed 
with respect to complex conjugation), then" : o — > C(M a ) is an isomorphism and 
hence G a = M a . The (right) action of group G on itself by right multiplication 
induces the right action of G on M a by the formula 

R g (v)(f):=v(Rg(f)), r,eM a , f G a, g G G. 

Then 

(2.1) R g (j(h))=j(hg), h,geG. 

The regular covering p : X — >■ X Q can be viewed as a principal fibre bundle on 
X Q with structure group G, that is there exists an open cover (t/ ,- r ) 7 er of X and 
a locally constant cocycle c = {cs 7 : t/ , 7 H U 0) s — > G}s^er so that the covering 
p : X — > X can be obtained from the disjoint union U 7 £/o,7 x G by the identification 

(2.2) U 0j s x G 3 (x, g) ~ (x, g ■ c$ y (x)) e U 0r/ x G for all x e U 0rf fl U 0t s, 
where projection p is induced by the projections C/ 0)7 X G — > C/ 0)7 (see, e.g., [Hzj ). 

Definition 2.1. The fibrewise (a-) compactification p : c a X — > X is the fibre 
bundle on X with fibre G a associated to the principal bundle p : X — > X , i.e., c Q X 
is obtained from the disjoint union U 7 ?7o i7 x G a by the identification 

C/ 0)7 xG„9 (x, w) ~ {x, R C5j(x) (uj)) E U 0l s x G a , for all x G U 0n n f/ ,5, 

where p is induced by projections ?7 ,7 x G a — > f/ 0j7 . 

In |BrK3| Thm. 5.18] we show that if subalgebra a is self-adjoint and Xo is a 
Stein manifold, then the maximal ideal space of algebra O a (X) (i.e., the set of non- 
zero continuous complex homomorphisms of O a (X) endowed with weak* topology 
of O a (X)*) is homeomorphic to c a X. (In particular, this is applied to algebras of 
Examples Ol and PI ) 

Next, there exists a continuous map 

(2.3) i = L a : X ->■ c a X 

induced by the equivariant (with respect to the corresponding actions of G on G 
and G a ) map j. Clearly, l(X) is dense in c a X (thus, if X Q is Stein and a is self- 
adjoint, we have a corona-type theorem for algebra O a (X) as its maximal ideal space 
is homeomorphic to c a X, see [BrK3] ) . The map i is an injection if and only if a 
separates points of G. 
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Definition 2.2. A function / G C(c a X) is called holomorphic if its pullback l* f 
is holomorphic on X. The algebra of functions holomorphic on c a X is denoted by 
0(c a X). 

Proposition 2.3. The following is true: 

(1) A function f in O a (X) determines a unique function f in 0(c a X) such that 
L*f = f. Thus, there is a continuous embedding O a {X) 0(c a X). 

(2) If a is self-adjoint, then the correspondence f f determines an isomor- 
phism of algebras: O a (X) = 0(c a X). 

So, for a self-adjoint we can work with algebra 0(c a X) instead of O a (X). 

Definition 2.4. Let U C c a X be an open subset. A function / G C(U) is called 
holomorphic if t*f G 0(i -1 (£/)) . The algebra of functions holomorphic on U is 
denoted by 0(U). 

Thus, we obtain the structure sheaf O := Ca x of germs of holomorphic functions 
on c a X. Now, a coherent sheaf A on c a X is a sheaf of modules over O such that 
every point in c a X has an open neighbourhood U over which, for any N > 1, there 
is a free resolution of A of length N, i.e., an exact sequence of sheaves of modules 
of the form 

iON — \ <P*2 <Pl <P0 

(2.4) Q mN \u^ ... — >0 m2 | [/ - ^O mi \u— ^A\u^0, 

where (fi, < i < N — 1, are homomorphisms of sheaves of O- modules. 

If X = Xq and p = Id, then this definition gives the classical definition of a 
coherent sheaf on a complex manifold. 

Our main results are stated as follows. 

Let Xq be a Stein manifold, A a coherent sheaf on c a X. 

Theorem 2.5 (Cartan A). Each stalk X A (x G c a X) is generated as an x O -module 
by sections T(c a X, A). 

Theorem 2.6 (Cartan B). Sheaf cohomology groups H l (c a X,A) = for all i > 1. 

Remark 2.7. (1) An important example of a coherent sheaf on c a X is given by the 
sheaf of ideals of germs of holomorphic functions vanishing on a complex submanifold 
of c a X. To define the latter, we will need the following notation. Let Uq C Xq be 
open and simply connected, K C G a be open. We denote by ipu the trivialization 
V ^iPo) —7- £7o x G a (see Definition 12.11) . and define 

fl(U ,K)=^(K)cc a X. 

In what follows, we identify ll(Uo,K) with Uq x K (see subsection 14.21 for details). 

Definition 2.8. A closed subset Y c c a A is called a complex submanifold of 
codimension if for every x G Y there exist a neighbourhood U = tl(Uo, K) C c n AT 
of £ and functions h±, . . . , hk & 0{U) such that 

(1) y n ?7 = {x G U : Mx) = • • • = h k (x) = 0}; 

(2) The rank of map z !->■ w), . . . , ^(2, a;)) is at each point (2, to) G FflC/. 
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We use coherence of the sheaf of ideals of Y together with Theorem 12.61 in |BrK3] 
to obtain results on interpolation within algebra O a (X). In the same paper we 
extend Cartan theorems A and B to work with coherent-type sheaves on complex 
submanifolds of c a X. 

(2) The assumption that subalgebra a is self-adjoint is essential for our proofs of 
Theorems 12.51 and 12.61 Nevertheless, using a technique different from that based on 
Theorem I2.6[ we show in |BrK3] that the problem of interpolation within algebra 
O a (X) can be solved (although for a restrictive class of sets) without the latter 
assumption. 

(3) An interesting example of the algebra of holomorphic a-functions with a not 
self-adjoint is given by Bohr's holomorphic almost periodic functions on a horizontal 
strip domain T C C (see Example II ,2p whose restriction to each fibre p~ 1 (x) = Z 
belongs to the subalgebra AP + (Z) of the von Neumann almost periodic functions on 
Z with positive spectra, i.e., those functions on Z that admit uniform approximation 
by exponential polynomials YlT=i c k^ Xkt it G Z) with > (see |Br7j ). One can 
show that the maximal ideal space of algebra Oap + (T) can be presented as inverse 
limit of an inverse limiting system of holomorphic fibre bundles over an annulus 
whose fibres are biholomorphic to disjoint unions of open polydisks, see Example 
U below. 

3. Examples 

Example 3.1 (Examples of algebras a). In addition to algebras £oo{G), c(G), 
APill 1 ) (see Examples 11.21 and II. 4p we mention the following important examples 
of self-adjoint subalgebras of £oo{G) invariant with respect to actions of G by right 
translations. 

(1) If a group G is residually finite (respectively, residually nilpotent), i.e., for 
each element g e G, g ^ e, there exists a normal subgroup G g $ g such that G/G g 
is finite (respectively, nilpotent), we consider the closed subalgebra £oo(G) C £oo(G) 
generated by pullbacks to G of algebras £ oa (G/G g ) for all G g as above. 

(2) Recall that a bounded complex function / on a (discrete) group G is called 
almost periodic if the families of its left and right translates 

{t h->- f(st)} seG , {t ^ f(ts)} seG 

are relatively compact in £oo(G) (J. von Neumann |Ne] ) . (It was proved in |Ma] that 
the relative compactness of either the left of the right family of translates already 
gives almost periodicity.) The algebra of almost periodic functions on G is denoted 
by AP(G). 

The basic examples of almost periodic functions on G are matrix elements of 
finite-dimensional irreducible unitary representations of G. 

Recall that a topological group G is called maximally almost periodic if its finite- 
dimensional irreducible unitary representations separate points of G. Equivalently, 
G is maximally almost periodic iff it admits a (continuous) monomorphism into a 
compact topological group. 
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Any residually finite discrete group G belongs to this class. In particular, Z n , 
finite groups, free groups, finitely generated nilpotent groups, pure braid groups, 
fundamental groups of three dimensional manifolds are maximally almost periodic. 

We denote by AP (G) C AP{G) the space of functions 

m 

t H- Cfc«rJ.(t), t G G, c k G C, a k = (aj), 

k=l 

where o~ k , 1 < k < m, are finite-dimensional irreducible unitary representations 
of G. The von Neumann approximation theorem states that AP (G) is dense in 
AP(G) [Ni]. 

In particular, algebra AP(Z n ) of almost periodic functions on Z n contains as a 
dense subset the set of exponential polynomials t h-> Ylk=i c * e '^ i t e 2™, G C, 
Afc G M n . Here (•, •) is the standard inner product on R". 

(3) Algebra AP^TI 1 ) of almost periodic functions on Z n with rational spectra. 
This is the subalgebra of APiTU 1 ) generated (over C) by functions of the form t h-> 
e <<A,t) w ith A G Q. 

(4) Suppose that the covering p : X — > X is not regular. Still, we can define 
algebras Oi oa (X) and O c (X) and include them in the framework of our theory by 
lifting them to the universal covering of X Q . 

Example 3.2 (Holomorphic almost periodic functions). Elements of algebra 
Oap{X), where X — > Xq is a regular covering of a connected complex manifold 
Xo with a deck transformation group G and AP := AP(G), see Example 13.11 (2), 
are called holomorphic almost periodic functions. Equivalently, a function / G O(X) 
is called holomorphic almost periodic if each orbit {g-x} g& c C X has an open neigh- 
bourhood U C X, invariant with respect to the action of G on X, such that the 
family of translates {z \-t f(g • z),z G U} g< zc is relatively compact in the topology 
of uniform convergence on U (sec [BrKl] for the proof of the equivalence). 

This is a variant of the definition in |Wej . where G is taken to be the group 
of all biholomorphic automorphisms of the complex manifold X. An interesting 
result in |Ves] states that on Siegel domains of the second kind there are no non- 
constant holomorphic almost periodic functions in the sense of |We] (although on 
Siegel domains of the first kind, i.e., on tube domains in C n , such holomorphic 
almost periodic functions even separate points). A similar result holds for algebra 
Oap{X); for instance, if Xo is a compact complex manifold, then all holomorphic 
almost periodic functions on X are constant, see [BrK T] Theorem 2.3]. 

EXAMPLE 3.3 (Compactification of deck transformation group G). (1) Let a := 
c(G), cardG = oo (see Example 11.4( 2)). Then G c , c := c(G), is the one-point 
compactification of G. 

(2) Let a = AP(G) (=: AP) (see Example 0(2)). Then Gap is homeomorphic 
to a compact topological group bG, called the Bohr compactification of G, uniquely 
determined by the universal property: there exists a homomorphism fi : G — > bG 
such that for any compact topological group H and any homomorphism v : G — >■ H 
there exists a continuous homomorphism v : bG — >- H such that the following 
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diagram 




H 

is commutative. 

Applying this property to unitary groups H := U n , n > 1, we obtain that group 
G is maximally almost periodic (see Example 13.1( 2)) if and only if /z is a monomor- 
phism. 

The universal property implies that there exists a bijection between sets of finite- 
dimensional irreducible unitary representations of G and bG. It turn, the Peter- 
Weyl theorem for C(bG) and the von Neumann approximation theorem for AP(G) 
(see Example 13.1( 2)) imply that AP(G) = C(bG). Therefore, bG is homeomorphic 
to the maximal ideal space Map(g) of algebra AP{G) and (J,(G) is dense in bG. Under 
this homeomorphism, the set j(G) (see Section [2] for its definition) is identified with 
the subgroup n(G) C bG. In case G is maximally almost periodic, we will identify G 
with fi(G) C bG by means of \x so that the action of G on Gap '■= Map(g) coincides 
with that of G on bG by right translations. 

By the Peter- Weil theorem the group bG can be presented as inverse limit of an 
inverse system of finite-dimensional compact Lie groups. In particular, the Bohr 
compactification 6Z of the group of integers Z is inverse limit of an inverse system of 
compact abelian Lie groups T k x ©^Z/ (n;Z), k, m, n t G N, where T k := (§> 1 ) k is the 
real fc-torus. It follows that 6Z is disconnected and has infinite covering dimension. 
The limit homomorphisms 6Z — > T h x ®^ 1 Z/(n;Z) are defined by finite families of 
characters Z — > S 1 . For instance, let Ai, A2 G M \ Q be linearly independent over Q 
and XXi : Z — )• S 1 , XXi(n) '■= e 2mXin , i — 1,2, be the corresponding characters. Then 
the map (xadXa 2 ) : Z ^ T 2 is extended by continuity to a continuous surjective 
homomorphism 6Z — )■ T 2 . If Ai, A2 are linearly dependent over Q, then the corre- 
sponding extended homomorphism has image in T 2 isomorphic to S 1 x Z/(mZ) for 
some m G N. 

(3) Let a = APq(Z l n ) (see Example 13.1( 3)). Then Gap q (z«) is homeomorphic to 
the profinite completion of group Z n ; it is defined as inverse limit of an inverse 
system of groups ©[^ 1 Z/(n^Z), m,ni G N. It follows that covering dimension of 
G A p Q (z^) is zero. 

(4) Let a = i^G) (=: t^) (see Example (Hi)). Then G £oo ^ 0G, the Stone- 
Cech compactification of group G. Covering dimension of G^ is zero (see, e.g., [N] 
Thm. 9-5]). 

4. Structure of fibrewise compactification c a X 

4.1. Set structure of c a X. As a set, c a X is the disjoint union of connected complex 
manifolds, each is a covering of X . Indeed, let T := G a /G be the set of orbits of 
elements of G a by the (right) action of G; since any orbit H G T is invariant with 
respect to the action of G, we may consider the associated to the action of G on 
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H fibre bundle pn '■ Xh —> X with fibre H. We assume that H is endowed with 
discrete topology. Then pn '■ Xh — > X is an unbranched covering of X (in general 
non-regular). Since X is connected and X is a covering of Xh, the complex manifold 
Xh is connected as well. For each H G T we have the natural continuous injective 
map 

i H ■ X H c a X 

determined by (equivariant with respect to the action of G) inclusion H G a . We 
denote X H '■= l h (X h )- In view of (12. ip . we have j(G) G T. Hence, if j is injective, 
then X = Xj(c) and i = Lj(G) (see (12. 31) ). 
It follows that set 

c a x = \_\ l h (x h ). 

Her 

Example 4.1. G c := G U {oo}, cardG = oo, is the one-point compactification of 
G, and the action of G on G c fixes point oo, so T = {{G}, {oo}}. It follows that 
the as a set c c X is the disjoint union of X and Xq. 

Example 4.2. Let a = AP(G) and G be maximally almost periodic. In what 
follows, we assume that Gap is endowed with the group structure of the Bohr 
compactification bG, see Example 13.3( 2). 

Since G is a subgroup of bG, every orbit H G T is a right coset of G in bG, 
Xh = X for all H G T, and each set X# is dense in capX. 

The fibre bundle capX can be presented as inverse limit of an inverse system 
of smooth fibre bundles on Xo. Indeed, by the Peter- Weil theorem, bG can be 
presented as inverse limit of an inverse system of finite-dimensional compact Lie 
groups {G s } se 5 (see Example l3.3( 2)). By tt s : bG — >■ G s we denote the corresponding 
limit homomorphisms. The right action of G on bG determines an action r s of G 
on G s , r s (g)(h) := h ■ 7i s (g), g G G, h G G s . Let p s : X s — > X be the associated to 
r s fibre bundle on Xo with fibre G s . Then X s has a smooth manifold structure and 
inverse limit along {G s } se s determines inverse limit along the corresponding inverse 
system {X s } sS 5 which is homeomorphic to CapX. 

Example 4.3. Let a = APq(Z"). Since covering dimension of Gap q cZi n } is zero 
(see Example 13.3( 3)). covering dimension of cap q (Z")X is equal to dim^Xo. 

Example 4.4. Let a = £oo(G). Then G^ x = (3G, the Stone-Cech compactification 
of group G. Since covering dimension of Gi^ is zero, covering dimension of Q^X 
coincides with real dimension of X . 

It is easy to see that Q^X is the maximal fibrewise compactification of covering 
X — )• X in the sense that if a C t<yo{G) is a (closed) subalgebra, then there exists 
a surjective bundle morphism Q^X — > c a X. Indeed, let k : G^ — > G a be a 
continuous surjective map adjoint to the inclusion a e — )■ i^G); since k is equivariant 
with respect to the corresponding (right) actions of G, it determines the required 
surjective bundle morphism. 
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4.2. Complex structure on c a X. A function / G C(U) on an open subset U C 
c a X is called holomorphic if t*f is holomorphic on t _1 (C/) C A in the usual sense. 

Let Uq C A be open. A function / G C(U) on an open subset U C C7 X G a is 
called holomorphic if j*/, j := Id x j : C/o X G — > Uq x G a , is holomorphic on the 
open subset j~ l (U) of the complex manifold UqX G (see Section |2]for the definition 
of the map j). 

For sets U as above, let 0(U) denote the algebra of holomorphic functions on 
U endowed with the topology of uniform convergence on compact subsets of U. 
Clearly, / G C(c„A) belongs to 0(c a X) if and only if each point in c a X has an open 
neighbourhood U such that f\u G 0(U), see Definition 12.21 

By Ou we denote the sheaf of germs of holomorphic functions on U. 

The category Ai of ringed spaces of the form (U, Ou), where U is either an open 
subset of c a X and X is a regular covering of a complex manifold Xq or is an open 
subset of Uq x G a with Uq C Xq open, contains in particular complex manifolds. 

Definition 4.5. A morphism of two objects in M, that is, a map F G C(Ui, U 2 ), 
where (U^Ou^ G M., i = 1,2, such that F*Ou 2 C Oy xy is called a holomorphic 
map. 

The collection of holomorphic maps F : U\ — > U 2 , (U^O^) G Ai, i — 1,2, is 
denoted by 0(U u U 2 ). If F € 0(U u U 2 ) has inverse F" 1 G b{U 2 ,U x ) : then F is 
called a biholomorphism. 

The next result shows that, in a sense, the holomorphic structure on c a A is 
concentrated in 'horizontal layers' X# C c n X (F^ G T). 

Theorem 4.6. For a connected complex manifold M and a map F G 0(M, c a X) 
there exists H G T such that F(M) C Ajy. 

If covering dimension of G a is zero (see Examples 14.31 and I4.4j) . then the assertion 
of Theorem 14.61 holds true even for continuous maps, i.e., for any F G C(M, c a X) 
there exists H G T such that F(M) C X# (see the argument in the proof of Theorem 
1.2(d) in |Br6] ). 

Further, over each simply connected open subset C/o C Ao there exists a biholo- 
morphic trivialization ip = ipu : p" 1 (C/o) — >• C/o x G of covering p : A — > Ao which is 
a morphism of fibre bundles with fibres G. Then there exists a biholomorphic trivi- 
alization ijj = ipu '■ P _1 (^o) - > Uq x G a of bundle c a A over Uq, which is a morphism 
of fibre bundles with fibre G a , such that the following diagram 

p -\Uq)^^P-\Uq) 



UqxG Mxj » C/ x G 

is commutative. 

For a given subset S C G we denote 

(4.i) n^sj-f^xs) 
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and identify H(U , S) with U x S where appropriate (here H(U , G) = p 1 (6 r )). 
For a subset K C G a we denote 

(4.2) U(U ,K) (=fl a (U ,K)) :=j>-\U xK). 

A pair of the form (fl(Uo, K),ip) will be called a coordinate chart for c a X. Similarly, 
sometimes we identify tl(Uo, K) with Uq x K. If if C G a is open, then, by our 
definitions, ip* : 0(£/o x K ) — >■ (9(n([/o, if)) is an isomorphism of (topological) 
algebras. 

4.3. Basis of topology on c a X. We denote by the basis of topology of G a 
consisting of sets of the form 

(4.3) <r] eG a : max \hi(r]) - ^(770) | < e \ 

I l<i<m J 

for r/o G G a , hi, . . . , h m G C(G a ), and e > 0. 

The fibrewise compactification c a X is a paracompact Hausdorff space (as a fibre 
bundle with a paracompact base and a compact fibre); thus, c a X is a normal space. 

It is easy to see that the family 

(4.4) 05 := {n(K), L) C c a X : is open simply connected in X and L G 0}. 
forms a basis of topology of c a X. 

4.4. Coherent sheaves on c a X. A sheaf of modules on an open subset U C c a X 
over 0\u will be called an analytic sheaf. A homomorphism between analytic sheaves 
will be called an analytic homomorphism. 

Recall that a coherent sheaf A on c a X is an analytic sheaf such that every point 
in c a X has an open neighbourhood U over which, for any N > 1, there is an exact 
sequence of sheaves of modules of the form 

(PN—l <£>2 (Pi <P0 

(4.5) O mN \u^ ... -+O m2 \u-^O m %— ^A\u^0, 

where ipi, < i < N — 1, are analytic homomorphisms. 

An analytic sheaf A on c a X is called a Frechet sheaf if for each open set U G 23 
the module of sections T(?7, ^4) of A over [/ is endowed with topology of a Frechet 
space. 

Proposition 4.7. Every coherent sheaf can be turned in a unique way into a Frechet 
sheaf so that the following conditions are satisfied: 

(1) If A is a coherent subsheaf of O , then for any open subset U G 23 the module 
of sections T(U, A) has topology of uniform convergence on compact subsets of U . 

(2) IfA,B are coherent sheaves on c a X , then for any U G 23 the spaces T(U, A), 
T(?7, £>) are Frechet spaces, and any analytic homomorphism (p : A-$ B is continu- 
ous in the sense that the homomorphisms of sections of A and B over sets U G 23 
induced by if are continuous. 

The topology on F(U,A) can be defined by a family of semi-norms 

\\f\\ Vk := inf (sup \h(x)\ : h G T(V k ,O m ^), f = ^ (h)\ , 
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where (po is the homomorphism of sections induced by (po in (|4.5p . and open sets 
Vk G 23 are such that Vk <s Vk+i d= £/ /or a// and U = U^V^ (see Lemma \7\4\f 2) 
below for existence of such exhaustion of U). 

The proof essentially repeats that of an analogous result for coherent analytic 
sheaves on complex manifolds, see, e.g., |GRj . For the sake of completeness, we 
provide the proof of the proposition in the Appendix. 

Theorem 4.8 (Runge-type approximation). Let X be a Stein manifold, A a co- 
herent sheaf on c a X . Suppose that Yq d Xq, Y C c a X are open and such that either 
(1) Y is holomorphically convex in X and Y = p~ 1 (Y ), or (2) Y is holomorphi- 
cally convex in X and is contained in a simply connected open subset of X , and 
Y = T1(Y , K) for some if eO (see subsection \4-ty - 

Then the image of the restriction map T(c a X, A) — > T{Y,A) is dense (in the 
topology of Proposition \4- ?] ). 

5. Proofs: preliminaries 

5.1. Cech cohomology. For a topological space X and a sheaf of abelian groups 
S on X let r(X, S) denote the abelian group of continuous sections of S over X. 

Let U be an open cover of X. By C l (U, S) we denote the space of Cech z-cochains 
with values in S, by 5 : C*(W,iS>) — > C l+1 iU,7t) the Cech coboundary operator (see, 
e.g., jGrR] for details), by Z^U.S) := {a G C' l (U,S) : 5a = 0} the space of i- 
cocycles, and by B' l (U,S) := {a G Z l (U,S) : a = 5(r)),r] G C l - l (U,S)} the space of 
i-coboundaries. The Cech cohomology groups H l (U, S), i > 0, are defined by 

H\U,S) := Z l (U,S)/B l {U,S), i>l, 

and H°(U,S) := T(U,S). 

5.2. (^-equation. Let B be a complex Banach space, Dq C Xq be a strictly pseu- 
doconvex domain in a complex manifold X$. We fix a system of local coordinates 
on D and consider a cover {WoJ^i of D by coordinate patches. By A^' q \d 0} B), 
q > 0, we denote the space of bounded continuous 5-valued (0, g)-forms u on D 
endowed with norm 

(5.1) IMIaj = IMIi>o •= su p ll^o,i(^)l|B) 

where (a is a multiindex) are coefficients of form u;|w 0i 

G A^' 9) (W 0ji ,B) written 

in local coordinates on Wq^. 

The next lemma follows easily from results in [HL] (proved for B = C), as all inte- 
gral presentations and estimates are preserved when passing to the case of Banach- 
valued forms. 

Lemma 5.1. There exists a bounded linear operator 

R Do , B G C (Af' q \D ,B),A^- l \D ,B)) , q > 1, 

such that if ' u> G A^' q \D , B) is C°° and satisfies duo = on D , then BRd ,b^ = w 
on D . 
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6. Proof of Proposition 12.31 

Given / G O a {X) denote f Xo := f\p-i( Xo )- Let f Xo G C(G a ) be such that j*f XQ = 
f XQ . The family {f Xo } XQ ex determines a function / on c a X such that f{x) = f Xo (x) 
for Xo := p(x). Using a normal family argument one shows that / G 0(c a X), 
see, e.g., [Lin] or |BrK2l Lemma 2.3] for similar results. Clearly, i* f = f. Since 
the homomorphism ~ : a — > C(G a ) is an injection, the constructed homomorphism 
i : O a (X) — >■ 0(c a X), i(f) := /, is an injection as well. This completes the proof of 
the first assertion. 

For the proof of the second assertion suppose that a is self-adjoint. Then a = 
C(G a ) and we can define the inverse homomorphism i~ l : 0(c a X) — > 0(X) by the 
formula 

i(f) :=ff, feO(c a X). 

Since Ip-i^-o) = 3*(f\jrH*o)) G a ' x ° G X °> we have e c.PO> i.e., i~ l 

maps 0(c a X) into O a (X). 

7. Proofs of Theorems I2T51 and ET~gl 
In what follows all polydisks are assumed to have finite polyradii. 

Proof of Theorem \2.b\ We will need the following results. 

Proposition 7.1. Let U := fl(Uo,K), where Uq C Xq is open and biholomorphic 
to an open polydisk in C n , and K G H (see ft4-3\ )). 
The following is true: 

(1) Let TZ be an analytic sheaf over U having a free resolution of length 47V 

(7.1) O k * N \u — »- ... — -O fc2 |c/— -^|vk — -0. 

If N > n := dimc^o, t/ien i/ie induced sequence of sections truncated to the 
N-th term 

, (ON—I (Pi 7 (P\ 7 <A) 

T(U, O kN ) — * ...-+T(U, O k2 ) — ^ T(U, O kl ) ~-+T(U, TZ)^0 
is exact. 



(2) Suppose that free resolution ( 7.1 ) exists for every N. Then H l (U, TZ) = for 
all i > 1. 

Let A be a coherent sheaf on c a X. 

Proposition 7.2. Every point xq G Xq has a neighbourhood Uq such that for each 
N > 1 there exists a free resolution of sheaf A overp~ l (Uo) having length N (see Def- 
inition 2.1$ . 

(In other words, we may assume that the open sets W in Definition 12.41 have the 
form U = p -1 (£/o), U C X is open.) 

We prove Propositions 17.11 and 17.21 in subsections 17.21 and 17.31 respectively. 

Now, let A := p*A be the direct image of sheaf A under projection p : c a X — > Xq. 
By definition, A is a sheaf of modules over the sheaf of rings germs 
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of holomorphic functions on Xq taking values in the Banach space C(G a ). By 
Propositions 17.21 and 17.1( 2) every x G X has a basis of neighbourhoods U such 
that H\U,A) = 0, i > 1, U := p~ l {U Q ). Therefore, 

(7.2) H\c a X, A) = H\X Q , A), i>0 
(see, e.g., |Gun| Ch. F, Cor. 6]). We have 

F(U, A) = T(U , A), T(U, O) s F(U , O c{da) ). 

It follows from Proposition 17.21 and Proposition 17.1( 1) that for every x G X and 
each N > 1 there exist a neighbourhood Uq of Xo and an exact sequence of sections 

T(U , (O c ^) kN ) — ~ . . . ^T(U , (O c{da) ) kl ) T(U , A)^0. 

This implies that we have an exact sequence of sheaves 

(7.3) (O c ^) kN \ Uo ^ . . . ^(O c ^)^\ Uo ^A\ Uo ^O. 

For every open set Uo C X the spaces of sections T(Uq, A), T(Uo, O c<yGa) ) can be 
endowed with a Frechet topology so that the homomorphisms of sections induced 
by sheaf homomorphisms in (17. 3p are continuous; indeed, since T(U ,A) = T(U, A), 
T(U ,O c ^) S T(U,0), this follows from Proposition S3] with U = p^(U ). 
Hence, in the terminology of [LtJ, A is a Banach coherent analytic Frechet sheaf. 
Therefore, according to Theorem 2.3 (iii) in [Lt], H l (X ,A) = for all i > 1. 
Isomorphism (17. 2\\ now implies the required statement. □ 

Proof of Theorem 4-8. Case (1). Due to the argument in the proof of Theorem 12.61 
we have isomorphisms of Frechet spaces T(c a X, A) = r(X , A), T(Y, A) = T(Y Q , A). 
Now the result follows from Theorem 2.3 (iv) in [LtJ applied to A. 

Case (2). It suffices to show that the restriction map r(p _1 (F ), A) — > T(Y,A) 
has dense image and then to apply the result of case (1). 

We have Y = fl(Y , K) for some Y d X open simply connected, and K G 0. 
Since Y G *B, we may use the last assertion of Proposition 14.71 it suffices to show 
that given a section / G T{Y,A) for every e > and every k there exists a section 
f k G T{p-\Y ),A) such that ||/ - f k \\ Vk < e.^ 

Without loss of generality we may identify Y with Yq x K, and p~ l (Yo) with Yq x G a 
(see subsection 14. 2p . Then sets V k have the form V k = V^p. x N k , where each Vo,fe is 
open and simply connected and N k G H are such that N k <e N k+ \ <e K for all fc, and 
K = U k N k (see Lemma 17747 1) below). Since space G a is compact and, therefore, 
normal, for each k there exists a function p k G C(G a ) such that < p k < 1 on G a , 
p k = 1 on A^fc, and e on G„ \ iVfe+i- By definition, T(Fo x ^ -4) is a module 
over T(Fo x K, O), hence we can define f k '■— p k f G T(Y x G a , A). Then / — f k = 
on 7 x so ||/ — fk\\v h — 0. Thus, is the required approximation. □ 

Proof of Theorem \2.5\ Let N > n. Since sheaf ^4 is coherent, there exists a neigh- 
bourhood U of x over which there is a free resolution 

V4iV— 1 ^2 <£1 <£0 

(7.4) O m * N \u — * ... — -C" 12 !^— -O™ 1 ^— *^|^ — 
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of length 4N. It follows from the exactness of sequence (I7.4p that there exist sections 
hi, ... , h mi G T(U,A) that generate X A as an ^.C-module. Now, it suffices to show 
that there exist a neighbourhood V C U of x, global sections fx, ... , f mi G T(c a X, A) 
and functions G 0(V), 1 < i,j < mi, such that 

mi 

(7.5) hj\ v = y^rij/j|v, l<i<m 1 . 

i=i 

Without loss of generality we may assume that U = fl(U ,K) G 03, where U C X 
is biholomorphic to an open polydisk in C n and is holomorphically convex in Xq, and 
K G Q.. By Proposition 14.71 the topology on r(W / , v 4) is determined by semi-norms 

(7.6) \\h\\ Vk : = inf (sup \g(x)\ : ^ G r(K fc ,O mi ), /i = <^)1 , 

where y2 is the homomorphism of sections induced by <^o in (17.41) . and open sets 
Vk G *B are such that 14 m V k+1 cs PV~ for all k, and W = U k V k , see Lemma [73(2) 
below; by definition, V k = Vb,fc X iV^, where Vo tk <e t^o, N k <<= K are open. Without 
loss of generality we may assume that each Vo,fc is biholomorphic to an open polydisk 
in C n and is holomorphically convex in Xq. 

Let V := Vfc , where fco is chosen so that x G V ko . It follows from the proof 
of Theorem 14.81 (case (2) for Y := U) that for every e > there exist sections 
fi, . . . , f mi G T(c a X, A) such that \\hi — /$||y < e for all i. Now, by Proposition 
17.1( 1) the sequence of sections corresponding to (17. 4p 

(7.7) ... -^T(V,O mi )^T(V,A)^0 

is exact. Note that r(V, O mi ) consists of mi-tuples of holomorphic functions on V. 
Let hi := (0, . . . , 1, . . . , 0) (1 is in the z-th position), 1 < i < mi. Without loss of 
generality we may assume that hi\y = <^ (^i)- Since <p is surjective, there exist 
functions fi G T{V,O mi ) such that <fo(fi) = fi\v- It follows from the definition of 
semi- norm || • see (17. 6J) , that functions fi can be chosen in such a way that 

(7.8) sup|^(x) -fi{x)\ < 2e. 

xev 

Since <po is a 0(V)-modu\e homomorphism, the required identity (17. 5p would follow 
once we found functions G r(V, O), 1 < i,j < mi, such that 

mi 

hi = yjijfj, \<i<mi. 
i=i 

The latter system of linear equations (with respect to ry) can be rewritten as a 
matrix equation H = FR with respect to R — (rij)™j =1 G 0(V,M n (C)), where 
M n (C) denotes the set of n x n complex matrices, H = {h i ) r [^ 1 G 0(V, GL n (C)) (hi 
are the columns of H) is the identity matrix, here GL n (C) C M n (C) is the group 
of invertible matrices and F = (/j)™\ G 0(V,M n (C)) (fi are the columns of F). 
Since e > can be chosen arbitrarily small, in view of (17.81) we may assume that 
F G 0(V,GL n (C)). Hence, we can define R := F~ l H. 

This completes the proof of Theorem 12.51 □ 
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7.1. Auxiliary topological results. For the proofs of Propositions 17. II and 17.21 we 
will need the following results. 

Let £ = {Li} be an open cover of G a . Recall that a refinement of £ is an open 
cover £' = {L'j} of G a such that each L'j d Li for some i = 

Since G a is compact, each open cover of G a has a finite subcover. 

Lemma 7.3. Let £ be a finite open cover of G a . There exist finite refinements 
£ k = {Lj : Lj G H} of £ of the same cardinality such that L k+1 m Lj for all j, k. 

Proof of Lemma \7. 3\ Since G a is compact, there exists a finite refinement £' = {L'j} 
of £ = {Li} such that every L'j Lj for some i = i(j), and functions {pj} C C(G a ) 
such that pj e 1 on L'j, pj = on G a \ Li. We set Lj := {rj G G a : Pj{rf) > 1 — ^}, 
k > 1. By definition, Lj G H for all j, k (see It follows that £ k : = {Lj} are 

the required refinements of £. □ 

Lemma 7.4. Lei AT G H, £/ C X be open. We set U := U x A'. Tne following is 
true: 

(1) There exist open subsets N k £ Q., 1 < k < oo, such that N k <<= N k+ i d K for 
all k and K = U k N k . 

(2) There are open subsets V k = Vo,fc x 1 < k < oo, such that V k <s V k +i (1 £7 
/or a// fc and U = U k V k . i/ere Vo,fc <e Lo open and G H /or a// 

(3) Lei L G H be such that L <s K. There exists a collection of sets L m G H, 
m > I, such that L <e • • • <e L m+1 L m ■ ■ ■ <^ L 1 K for all m. 

(4) Let N <e K and {Li} be a finite collection of open subsets of K such that 
N (s UjLj. Tnere exists a finite number of open subsets L'j C A', L^- G £}, 
snca tnat iV (s UjL^- and /or each j we have L'j (s Lj /or some i = i{j). 

Proof. (1) Recall that the basis of topology of G a consists of sublevel sets of 
functions in C{G a ), see f!4.3p . so K = {n G G a : maxx<j< m |/ij(n)) — /ij(^o)| < e } f° r 
some r/o £ G a , hi, . . . ,h m G C((j a ) and e > 0. Let a' be the subalgebra of C(G ) 
generated by functions h\, . . . ,h m ,h\, ■ ■ ■ ,h m . Since algebra a' is finitely generated, 
the maximal ideal space M a > of a' is a compact subset of some C p , and we have 
a' = C(M a >). The map 7r : G a — > M a > adjoint to the inclusion a' C C{G a ) is 
proper and surjective. By definition, there exists an open subset K' C M a / such 
that K = ir~ l (K'). Since M Q / is a compact metric space (as a compact subset of 
C p ), there exist open subsets N' k C M a / such that <s A^. <e K' for all /c and 

K' = U k N' k . We define N k := 7r -1 (AT fe ) G H. Clearly, each set N' k can be chosen 
in the form N' k = {y e M a > : max!<j< rfc \ f ik {y) - f ik (y )\ < e} for some y G M a >, 
f ik G C(Af a /) and £ > 0. Since ir*C(M a >) C C(G a ), N k £ £1 (see as required. 

A similar argument yields (3). 

(2) It is clear that there exists a sequence of open sets Vo tk such that Vb,fc (1 
Vb, fc+ i (1 Lo for all k and C/ = U fe Vb,fc- We set V k := V Q<k x A^ fe . 

(4) We apply Lemma ITTBI to the finite open cover of G a consisting of the sets Lj and 
set G a \ N to obtain a finite refinement {L'j} C O of this cover. We exclude subsets 
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L'a such that V- d G a \ N. Then for the obtained family N C Uj-ZZ and by the 
definition of the refinement for each j we have L'j d Lj for some z, as required. □ 

7.2. Proof of Proposition 17.11 The (rather technical) proof of this proposition 
is presented at the end of this subsection. In the proof we will use the following 
preliminary results. 

Let U Q <g C n be an open polydisk, K e Q. (see ffl~3}) ). We set 

(7.9) U:=U x K. 

The sets U and TI(Uq, K) C c a X are biholomorphic (see subsection 14.21) . Definitions 
of a analytic homomorphism and a free resolution (of an analytic sheaf over an open 
subset of c a X, see subsection 14.41) are transferred naturally to analytic sheaves over 
U. Thus, it suffices to prove Proposition 17.11 in the assumption that analytic sheaf 
1Z and free resolution fl7.ll) are given over U. 

A function / G C(U) is said to be C°° if all its derivatives with respect to variable 
x G Uq (in some local coordinates on Uq) are in C(U). The algebra of C°° functions 
on U will be denoted by C°°(U). 

Let A p ' q (Uo) be the collection of all C°° (p, g)-forms on Uq. We define the space 
A p ' q (U) of C°° (p, g)-forms on U by the formula AP' q (U) := C°°{U) ® A p ' g (U ). We 
have an operator d : A p,q (U) — > A p ' q+1 (U) defined as follows: 

Suppose that uj G A p ' q {U) is given (in local coordinates on Uq) by the formula 

\I\=p\J\=q 

where I = {i u . . .,i p ), J = (ji, . . .,j q ), dzi = dz h A- • • Adz ip , dzj = dz h A- • • Adz jq ] 
then 

(7.10) d f : =J2J2 B fa A dz i A dz ^ 

\I\=p\J\=q 

where 

df u (z,ri) : Y, <)f '^ <l-r z = (z u . . . , z n ), (z,£)eU = U xK. 
j=i i 

A form to G A p,q {U) is called <9-closed if dto = 0. 

Let A p,q be the sheaf of germs of C°° (p, g)-forms on U, and Z p,q C A p ' 9 be the 
subsheaf of germs of enclosed (p, g)-forms. Note that Z°'° = O. 

In what follows we fix an open polydisk 

(7.11) V (1 U . 

Let Wo C Vb be open in Vo and such that Wo = Vo fl Wo for some product domain 
W = Wq 1 x • ■ ■ x Wq (1 U , where each Wq <e C (1 < i < n) is simply connected 
and has smooth boundary (clearly, given any open neighbourhood of Wo in Uq, we 
can find such a set Wo contained in this neighbourhood). 
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Fix a subset Wq (e Wq open in Vq and satisfying the same intersection condition 
as Wq. Let 

(7.12) S C K be a closed subset, and let L' L C S be open in S. 

Lemma 7.5. For every qj £ r(Wo x L, Z ' 9 ) i/iere exzsts 77 £ IXWq x I/, A ' 9-1 ) such 
that Brj = cu. 

Proof. By definition, a section of sheaf Z 0,q over Wo x L is the restriction of a section 
of Z ' 9 over some open neighbourhood of Wq x L. Therefore, we may assume that 
L is open in K, and u £ T(W x L, Z ' 9 ) for some product domain Wq as above. 

Clearly, there exists a product domain Wq (s= Wq open in U , where W = Wq x 
• • • x Wq and each domain Wq <e Wq has smooth boundary, such that Wq <<= Wq. 
Further, since G a is a normal space, there exists an open set L" d L such that 
V m L". 

Let C (L") be the Banach space of continuous functions on L" endowed with sup- 
norm, A°> q {Wo,C{L")) be the space of C°° L7(Z")-valued (0, q) -forms on W , and 

Z°'%Wq,C{L")) c A°' q (W , C{L")) 

be the subspace of (9 C (X")-closed forms on Wq. Here 

5 C(IW) : A°^(#o,C(L")) -f Z°' 9+1 (iy 0) C{L")) 

is the usual operator of differentiation of C(L")-valued forms. 

It is easy to see that the restriction to Wq x L" of a form in r(W / o x L,A°' q ) 
can be naturally identified with a form in A°' 9 (W / 0! C{L")) and, since Wo x L" is a 
neighbourhood of Wq x L', every form in A°' q (WQ, C(L")) determines (under such 
identification) a unique form in r(W / ' x L', A 0,9 ); these identification maps commute 
with the actions of operators d and d C (iny In particular, form cu determines a form 
Cj £ Z°' q (Wo, C{L")). Note that since Wq d C n is a product domain, it is pseu- 
doconvex. Hence Wq admits an exhaustion by strictly pseudoconvex subdomains 
(see, e.g., |Kraj ). Therefore, there exists a strictly pseudoconvex domain D <s Wq 
such that Wq (1 D . We restrict form Cj to D (clearly, Cj\d is bounded) and ap- 
ply Lemma 15-H where we take B := C(L"). We obtain that there exists a form 
17 £ A°' 9_1 (Wo, C{L")) such that d C (i„)f) = Cj over Ho- It follows that the form 
77 £ r(H / ' x Z/, A 0,9-1 ) determined by ^ is the required one. □ 

Definition 7.6. We say that a finite open cover U = {U a } of V x 5 (see ( 17. lip 
and ( I7.12p ) is of class (P) if the following conditions are satisfied: 

(1) U a = Uqj x Lj, a = where {Z7o,z} and {Lj} are finite open covers of Vq 
and S, respectively; 

(2) Each Lj = S fl Lj for some Lj £ H such that Lj C 

(3) Each Uoj = VoHUq^ for some product domain U j = x • • -x C/q z (1 C/ , where 
domains (1 C (1 < i < n) are simply connected and has smooth boundaries. 

Lemma 7.7. (1) Each open cover ofVoxS has a refinement of class (P). 

(2) Each open cover of Vq x S of class (P) has a refinement of class (P) of the 
same cardinality. 
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Proof. (1) There exists a refinement of a given open cover of Vq x S by open sets 
of the form Uqj x Oj, where {Uo,i} and {Oi} are finite open covers of Vq and S, 
respectively. By the definition of the induced topology on S, there exist open sets 
Oi C K such that Oj = S D Oj. Now, we apply Lemma 17.4( 4) to {Oj} (there we 
take N := 5 1 ) to obtain open sets {Lj} such that Lj d Lj for some i = and 
Lj G for all j. Finally, we set Lj := S fl Lj. The sets £7o,J x A? form the required 
refinement of class (P). 

(2) Follows from assertions (3) and (4) of Lemma 17.41 □ 

Let U = {U a := Uoj x Lj} be a finite open cover of Vq x S of class (P), and 
W = {U' a := C/'o.i x -^j} be a refinement of W of class (P) of the same cardinality 
(see Lemma I7T7T 2)). By definition, {Uqj}, {L'j} are refinements of open covers {U j} 
and {Lj}, respectively. 

We have an injective refinement map iu,w '■ Z l (U, 71) — > Z l (U' ', TV) (see subsection 
15.11 for notation). If no confusion arises, we write a for iu,u'i a )- 

Lemma 7.8. The following is true: 

(1) Let a G Z*(U, O), % > 1. Then a G &(W, O). 

(2) iP(V x S,O) = 0,i>l. 

Proof. (1) We will prove a more general result: if a G Z l (JA, Z 0,q ), i > 1, q > 0, then 
cr G B l (W, Z°' q ). In particular, taking g = we obtain assertion (1). 

Let i = 1, oi G Z X (U, Z°' q ). Since x S 1 is a paracompact space, there exist 
partitions of unity {A;} and {pj} subordinate to covers {U' ol } and {L'j} (O 00 and 
continuous, respectively). We define a 0-cocycle <t£° G C°(U' , A°' q ) by the formula 

(7.13) (<TZ>) a (x,£):= Pj(QMx)Mp, a M> M^K for all a. 

Since (cri) a ,/3 = (<$<7p°) aw9 = (ag°) Q - (ag°)^ and d(<7i) a ,0 = 0, the family {<9(crg°) a } 
determines w G r(V x 5, Z°' 9+1 ), :=_<9(ag°) Q . By Lemma [73] (with = W = 
Vq and L' = L = S) there exists 77 G r(Vo x S, A 0,9 ) such that <9r/ = w. We define 
a 0-cochain cr £ C°(W , Z°' q ) by the formula (o~o) a = (o"g°) a — V- It follows that 
(7! = 5a ; therefore <j x G B\U\ Z°' q ). 

Using Lemma [7.7( 2) we may assume that there exists a refinement U" = {U" := 
Uqj x L'j} of cover U of class (P) of the same cardinality as U such that W is a 
refinement of W". 

Now, let i > 1. Assume that we have shown for all 1 < / < i, q > that each 
a G Z l (U,Z°' q ) belongs to Z '*?). For a given a { G ^(W,^ ' 9 ) we define an 

(i - l)-cocycle G C i-1 (W", A ' 9 ) by the formula 

(^l)ai,..,ai(^0 : = / £, i(0^(«)(^)A« l ,..,«i(^0. 
0=(U) 

for all ai,..., on, where U'^ u a . := D*^?/^. 7^ 0. 

We have ^^i) = a h so ^(ct^) = 6(8^) = 0. Define := da™ t G 
C l ~ x (U" , Z°' q+1 ). Since <5(/ij_i) = <9yUj_i = 0, by the induction assumption there 
exists an (i — 2)-cochain //j_ 2 G C l ~ 2 (U" , Z°' q ) such that 8(^-2) = Hi-i and <9/ij_2 = 



ALGEBRAS OF HOLOMORPHIC FUNCTIONS 



21 



0. Now, by Lemma 17.5( 1) there exists an (i — 2)-cochain ^j_ 2 £ C l 2 {W,A°' q ) 
such that <9?7i_2 = /i«-2- We define <7j_i := cr~ 1 — <5 (77^—2) ■ Then 5((7i_i) = cr^; so 
cr< G B i (U',Z°' q ), as required. 

(2) By Lemma 17.7( 1) any open cover of Vq x S has a finite refinement of class 
(P), hence the required result follows from (1). □ 

Let {Vk}^ =1 be the exhaustion of U by open sets obtained in Lemma I7T3T 2). By 
definition, each V k has the form V k = Vq^ x Nk, where Vo,& ^ Uq, N k <£ K are open, 
and N k G H for all fc. Since ?7 is an open polydisk in C n , we may choose each Vq^ 
to be an a open polydisk as well. 

Definition 7.9 (see \GrR\ Ch.IV]). We say that an analytic sheaf 72 on [7 satisfies 
the Runge condition if the following holds for every k > 1: 

(a) The space of sections r(Vfe, 72.) is endowed with a semi- norm | • \ k such that 
T{U,K)\v k is dense in r(V fe ,72). 

(b) There exist constants M k > such that for every / G T(Vk+i,TZ) we have 
\f\vjk < M k \f\ k+1 . 

(c) If {/,•} is a Cauchy sequence in r(Vfc+i, 72), then {/^ly. } has a limit in r(Vfc, 72). 

(d) If / G r(V k+1 ,K) and \f\ k+1 = 0, then f\ % = 0. " 

Lemma 7.10 (see |GrRl Ch.IV] for the proof). Let 72 be an analytic sheaf on U . 
The following is true: 

(1) Suppose that H^V^TZ) = for alli>l,k> 1. Then 72) = /or a// 
i > 2. 

(2) 7/72 satisfies the Runge condition and H 1 (V k ,TZ) = for all k > 1, then 
H\U,K) = 0. 

Lemma 7.11. The sheaf 0\u satisfies the Runge condition. 

Proof. For a given section / G T(V k , O) let us denote by f{u) G C the value of germ 
f(ui) at point oj G V k . 

We endow each space r(t4, O) with semi-norm \ f\ k := sup wg y fc |/(w)|. Conditions 
(b)-(d) are trivially satisfied. For the proof of (a), let us fix a section / G T(V k , O). 
By definition, a section of sheaf O over V k := Vq^ x iV^ is the restriction of a 
section of O over an open neighbourhood of V k . In particular, there exists an open 
neighbourhood L C K of N k such that section /|y admits a bounded extension to 
Vo )k x L. Since G n (d if) is a normal space, there exists a function p k G C(K) 
such that pfc = 1 on iV^ and = on K \ L. We set / := fp k G r(Vo ) fc x K, O). 
Then function / determines a holomorphic function / defined in a neighbourhood of 
Vo }k with values in the Banach space Cb(K) of bounded continuous functions on K 
endowed with sup-norm || ■ ||. We now apply the Runge-type approximation theorem 
for Banach- valued holomorphic functions, see |Bu2j . to obtain that for every e > 
there is a function F G O(U , C^K)) such that sup xg y o \\f{x) —F(x) \\ < e. Then F 
determines a function F G 0{U) such that sup wg y fe |/(w) —F(cu)\ < e, which implies 
(a). ' ' □ 

Corollary 7.12. IP(U, O) = for all i > 1. 
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Proof. Follows from Lemmas 17.8( 2). 17.101 and 17.111 □ 

Lemma 7.13. Let B, TZ be analytic sheaves on U . Let Vq <s Uq be an open polydisk, 
S C K a closed subset. Suppose that sequence 

(7.14) B^TZ^O 
is exact. Then the sequence 

(7.15) q*{B\v o xs)^q*{K\v oXS )—0 

is also exact. Here q : Vq x S —> Vq is the projection on the first component and g* 
is the direct image functor. 

Proof. We denote B := q*{B\y oX g), TZ := q*(TZ\ VoX s), V* := 9*^- We have to show 
that ip is surjective. Given open subsets Wq d Vq, L C S by ^&WoxL we denote the 
homomorphism of modules of sections T(Wq x L,B) — > T(Wo x L,TZ) induced by 
ip, and by ^*w the homomorphism of modules of sections Y{Wq,B) — > Y{Wq,TZ) 
induced by ij). By the definition of direct image sheaf (see, e.g., |Gun| Ch. F]) 

(7.16) T(W xS,B)^ T(W ,B), T(W x S,TZ) S T(W ,K). 

To prove exactness of (17.151) it suffices to show that for every point x G V , a 
neighbourhood Wq C Vq of xq, and a section f Xo G T{Wq,TZ) there exists a section 
g xo G T(W ,B) over a neighbourhood W C Wo of x such that *^ (^ ) = f xo \w - 
Let / Xo G T(Wq x S 1 , 7£) be the section corresponding to f xo under the second 
isomorphism in (I7.16p . By definition, a section of sheaf TZ over Wq x S is the 
restriction of a section of TZ over an open neighbourhood of Wq x S. Therefore, 
shrinking Wq, if necessary, we obtain that f xo can be extended to a section of TZ 
over Wq x M 1; where Mx C K is an open neighbourhood of S. Since ^ is a surjective 
sheaf homomorphism, for each point y G {xq} x Mi there exist open sets Wq iV C 
Wo, ^ C Mi and a section s. y G r(W 0i , / x L y ,B) such that ?/ G Wo,?/ x L y and 
^ , vyo, H xL H ('5j / ) = /xolvy^xLy- Since space G a (d Mi) is compact Hausdorff and, hence, 
is normal, there exists an open subset M 2 C Mi such that S C M 2 , and M 2 C 
Ml. Since M 2 is compact, there exist finitely many points {yj}j^i C 5 such that 
M 2 C UjL yj . We set L % := M 2 n L % for all j. There exists a partition of unity 
{pj} C C(M 2 ) subordinate to {L y .}. We define Wo : = HjWo^, and set 

9x {z,v) ■= ^2pj(v)s y] {z,v), (z,v) eW x S. 
j 

Then c/ Xo G r(Wo x M 2 , B). We have 



Let <7 XQ denote the section in r(Wo, <6) corresponding to g Xo under the first isomor- 
phism in (j7.16p. Then *^ (^ Xo ) = /xoliy > as required. □ 
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Definition 7.14. We say that an analytic sheaf TZ (on U) admits a free resolution 
of length N > 1 over U if there exists an exact sequence 

(7.17) ^ivk — - ••- — -JSk — -J^ilc/ — — -0, 

where T\ are free sheaves, i.e., sheaves of the form O k for some k > (by definition, 
O = {0}). 

Lemma 7.15. Let TZ be an analytic sheaf on U having a free resolution of length 
3N 

, V3N-1 1(52 , ipi , •fiO 

(7.18) J^Arlt/ - - - -^ 2 |C7 -^"llc/ -0. 

If N > n (= dime Uq), then for each k the induced sequence of sections 

_ (pN — \ (f>2 — <Pl — <PQ — 

(7.19) r(v k ,r N )^ ... _r(y fc ,7" 2 )— ^r(y fc ,Ji)— ^r(F fc ,^)^o 

is exact. 

Proof. Let us fix k > 1. Let q : V k — > V 0tk be the projection, q(x,r]) = x, (x,rj) G 
Vk := Vo,fc x N k (see notation before Definition 17.91) . Let denote the direct image 
functor; set fi := q*{Ti\v k ), TZ ■= q*(TZ\v k ), fa := g*<p*. Applying q* to fl7.18p we 
obtain a complex of sheaf homomorphisms 

(7.20) F 3N — ... ^Fi^TZ^V 

(a priori this sequence is not exact). By the definition of a direct image sheaf, the 
sequence of sections of (17.201) over V 0:k truncated to the iV-th term 

(7.21) r{v 0tk ,£ N )-+ ... -^r(v 0>k ,A)^r(v 0yk ,1z)^o 

coincides with sequence (I7.19p . Hence, the assertion would follow once we proved 
that sequence ( 17.21R is exact. 

Now, exact sequence (17.181) yields the collection of short exact sequences 

(7.22) o^TZilv^Filv^K^lv, — l<i<3/V-l, 

where TZi := Im (pi (0 < i < 3N — 1), TZq := TZ and i stands for inclusion. We apply 
to (I7.22p the direct image functor g* and Lemma 17.131 to obtain the collection of 
short exact sequences (recall that g* is left exact, see, e.g., |Gunl Ch. F]) 

(7.23) 0^%^ 7i ^ 7^-i — ^ 0, l<i<3N-l, 

where % := q*TZi (0 < i < 3N — 1). An argument similar to that in the proof of 
Lemma [7781 implies H l {V 0j k,J^i) = 0, I > 1, k > 1, 1 < i < 3N. Hence, each short 
exact sequence (I7.23P yields a long exact sequence of the form 

o — r(v ,k, 71) — r(v , k , — r(F 0>fc> %-x) — 

/7 1 (V,7I)^0^/7 1 (y 0ifc ,7I- 1 )^/7 2 (y , fc ,7I)^ ... . 
Thus, H m (V 0:k , %) = H m+1 (V 0tk , T i+1 ), m > 1, 1 < i < 3iV - 2, and so 
tf m (W, 71) = tf m+m (V , fe , Ti+i+i), I > -1. 
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Let us take m — 1, 1 < i < N, I :— 2n — 2. Then 

H\V , k , 71) = H 2n+1 (V ,k, T l+2n -i), l<t<N. 

Since N > n, we have i + 2n — 1 < 3iV — 1 for all 1 < i < N; hence, 7I+2n-i is 
well defined for all 1 < i < N. Since topological dimension of Vo ik is equal to 2n, 
H 2n+1 (V ,k,T i+ 2n-i) = 0; therefore H l {V^ k: J~) = 0, 1 < i < N. Thus, we obtain 
the collection of short exact sequences 

o — r(v ,*, %) — r(v , k , Pi) — r(v 0>k , — * o, 1 < i < iv, 

which yields exactness of sequence (17.2 ip . The proof is complete. □ 

Lemma 7.16. Let TZ be an analytic sheaf on U having a free resolution of length 
3N 

(7.24) F 3 n\u^ ■■■ — ^-T^k — — — ^0. 
If N >n, then TZ satisfies the Runge condition. 

Proof. For a given section h of sheaf O m \jj by h(u) G C m we denote the value of 
germ h(u) at u G U. We have a short exact sequence 

— >■ Ker <y9 — J-\ | [/ — TZ — >- 0, 

where i stands for inclusion. In the proof of Lemma [7. 151 we have shown that, under 
the present assumptions, for each k > 1 the sequence of sections 

F(V k , Ker <^ ) T(V k , F x ) r(V fc , ft) — 

is exact. Given a section /i G r(Vfc,^ r i), ^"i := C* mi for some mi G Z+, we define 
semi-norm \h\ k := sup^g^ ||/i(x)||, where || • || is the Euclidean norm in C mi . Now, 
for a section h G T{Vk,TZ) we set 

(7.25) := inf{|% : h G T(V k , Ji), O (/O = /}■ 

We obtain a family of semi-norms {| ■ |* : /c > 1} on T(U, TZ). Let us show that for 
this family of semi-norms conditions (a)-(d) of Definition 17.91 are satisfied. 

(a) Let / G T{V k ,TZ). There exists a section h G T(V k , F\) such that / = fto(h). 
Using the same argument as in the proof of Lemma 17. 114 we obtain that for any 
e > there exists a section h G T(U, Fx) such that \h — h\ k < e. We set / := (po{h) G 
T(U, TZ). By definition, \ f — f\ k < e, as required. 

(b) Let / G T(V k+1 ,TZ). Since 

{h G r(V k+1 ,Tx), f = (f Q (h)}\v k C{ge T(V k ,Tx), f\ Vk = Vo(g)} 

and \h\ k < \h\k+i for every h G r(t4+i, J^i), condition (b) is satisfied with M k = 1 
(k > 1) (see $772% ). 

(c) Let {fj} be a Cauchy sequence in T{V k+ i,TZ). We must show that {fj\v k } 
has a limit in the space (T(V k ,7Z), \ • \ k ). In fact, there exists a Cauchy sequence 
{hj} C T(Vfc+i, C mi ) such that fj = fto(hj) for all j. Clearly, there exists a function 
h G 0(Vfc+i, C mi ) n C(V k+ x, C mi ) such that 

(7.26) sup \h(oo) — hj(u)\ — > as j — > oo. 
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Then fo G T{V k ,O mi ) and by (173B]) |fo - fo^ ->• as j ->• oo. Now, we set / := 
(po(h) G T{V k ,7l), so by continuity \ f — fj\ k — > as j — > oo. 

(d) Let / G r(Vfc+i,^), |/| fc+ i = 0. We must show that f\ Vk = 0. Indeed, by 
definition, there exists a sequence of sections hi G r(Vfe +1 , J-"i) such that / = <^o(fo;) 
for all Z and sup aJg y fc+i ||fo/(u;)|| — > as I — > oo. Let gi := foi — hi, I > 1. Then 
57 G r(Vjt+i,Ker <p ) and 

(7.27) <?z(w) — ^ ^i( w ) uniformly in oj G Vfc+i as / — >■ oo. 

Now, suppose to the contrary that f\y ^ 0. Then h\\y G" r(\4,Ker <p Q ). 
Consider the second fragment of the free resolution of 1Z: 

(7.28) O^Ker T 2 \u ^Ker <^ ^0, 

and the corresponding sequence of sections (see Lemma I7.15P 

- z , — fti - 

(7.29) T(V k+1 , Ker (p x ) T{V k+1 , T 2 ) — F{V k+1 , Ker ^ ) 0, 

where (p\ is given by a matrix with entries in T(V k+ i, O). 
Recall that r(t4+i, F2) is endowed with sup-norm 

(7.30) \g\k+i= sup \\g(uj)\\, g G Y{V k+ i, 

Each section in the space r(V/ c+1 ,J r 2 ) determines a continuous function on V k+ i 
holomorphic in V k+ ±. Let A(V k+ i, jF 2 ) denote the completion of the space of these 
functions with respect to norm ( 17.301) . Analogously, we endow the space T{V k+ i, J-i) 
with sup-norm and denote by A(V k+ i, Ker ip ) the completion (with respect to this 
norm) of its subspace r(l4+i, Ker <^ )- Then ( 17.291) yields an exact sequence of 
Banach spaces 

A{V k+u JF 2 ) A(V k+1 , Ker <p ) 0. 

It follows from (I7.27P that {gi}, where gi are viewed as functions in A(V k+ i, Ker ip Q ), 
is a Cauchy sequence and hence has a limit g G .4.(14+1, Ker (p ). Then there exists 
r G *4(Vjfc + i, J^) such that g = (f>i(r). Also, by Lemma [7. 151 we obtain that sequence 
( I7.28P induces an exact sequence of sections 

Y{V k , Ker ^) -^Y{V k , T 2 ) — r(V fc , Ker y ) — 0. 
Clearly, we have 

A(F fc+ i, J- 2 )|% C r(F fe , J- 2 ) and A(V k+1 ,Ker <p )\ Vk C T(V fc , Ker y> ). 

Hence, r\ Vk G r(V fc , 7a) and g\ Vk = <fi{r\ Vh ) G T(V k ,Ker tp ). Since, by our defini- 
tion, vi = S'lvfc, we have foilvL e r(Vfc,Ker <^ ), which contradicts the assumption 

/k ^0. □ 

Lemma 7.17. Let 1Z be an analytic sheaf over U admitting a free resolution of 
length AN 

V4N-1 tpi <pa 

(7.31) JAN\U — *" • • • — ^J 7 2\U — ^J 7 l\U — — *~0- 
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If N > n, and for each k the sequence of sections 

(7.32) v{v k ,F N )^ ... — ^r(v fc ,j- 2 )— ^r(y fc ,j-!)— ^r(v fc ,^)— 

is exact, then the sequence of sections 

tPN — l 02 01 00 

(7.33) r(u, f n ) — - . . . — * r(c/, jf 2 ) _ r{u, r x ) — r{u, n)^o 

is also exact. 

Proof. Exact sequence (17.311) yields the collection of short exact sequences 

(7.34) O^Ki^Filu ^7^_i^0, 1 < * < iV — 1, 

where TLi := Im ipi (0 < i < N — 1), TZo := TL, and t stands for inclusion. Recall 
that the section functor T is left exact (see, e.g., |Gun[ Ch. 3]), hence we have the 
collection of exact sequences 

_^ T(U, Hi) r(£7, Fi) ^ T(U, 7^), 1 < i < iV - 1. 

It suffices to show that <Pi-\ is surjective; this would imply that ( I7.33P is exact. 
It follows from the exactness of sequence (17.321) that for each k the sequences 

(7.35) 0^r(F fc ,7^^r(H,^)^r(V fc ,7^-i)^0, 1 < i < JV - 1, 

are exact. By Lemma [7.81 H l (Vb. J 7 ,) = 0, 1 < i < N, for all k > 1, therefore the 
long exact sequence induced by (I7.34p over V k has the form 

H\V k ,K i )^U^H\V k: K i - l )^H\V k: n i )^ l<z<JV-l. 

Now it follows from ( 17~35}) that if 1 ^*, 72») = for all k > 1, 1 < % < N - 1. 
The long exact sequence induced by ( 17.34}) over U has the form 

(7.36) o^r(u, Ki) — ^ r(t/, j;) — ^ r(t/, t^) — 

ff 1 ^, 72,) — * ^(C/, Fi) — ^(C/, 72<_i) — * # 2 (t/, 72,) — * . . . , 1 < i < N - 1. 

Each sheaf 72j, 1 < i < A?" — 1, has a free resolution of length 3iV, hence by 
Lemma 17.161 it satisfies the Runge condition. It follows from Lemma 17.101 (2) that 
H\U, Ki) = for all 1 < i < N - 1. We obtain from (OBj) that sequences 

o _^ r(c/, 72,) -U- r(c/, Fi) ^ r(u, n^) — o, 1 < i < n - 1, 

are exact, which implies exactness of sequence ( 17.33}) . □ 

Proof of Proposition 7.1\ (1) Follows from Lemmas 17.151 and 17.171 

(2) According to Lemma 17.161 sheaf 72 satisfies the Runge condition. Hence, by 

Lemma [7.101 we only have to show that H l (V k ,TZ) = for alH > 1 and k > 1. 
Let V be an open cover of V k '■— Vq^ x K. It suffices to show that given an 

i-cocycle a G 2 l (V, TV) (see notation before Lemma 17.81) there exists a refinement V 

of V such that the image of a by the refinement map Z l (V, TV) — > Z l (V', TV) belongs 

to B\V,TV). 



ALGEBRAS OF HOLOMORPHIC FUNCTIONS 



27 



By Lemma 17771 (1) there exists a finite refinement U = {U a }, U a := U j x Lj, 
a = of cover V of class (P) (see Definition \7.6\i . Let s = su be the number of 

elements of U and let N > max{n, s} be the length of the free resolution of TZ over U. 
By the definition of an open cover of class (P), a section of sheaf TZ over an element 
U a of U admits an extension to U a = U j x Lj, where U j = Uq x • • • x Uq d Uq is 
a product domain such that each Uq C C (1 < i < n) is simply connected and has 
smooth boundary, and Uqj = Vq^ H £/(y By part (1) of the proposition, over each 
C/ Q the sequence of sections U a corresponding to (17.11) is exact (there we can take 
product domain Uqj instead of polydisk Uq). Hence, we have a sequence of cochain 
complexes 

C(U,F N )^ ... -^C(K,J : x)^C(U,lZ)^0. 

By Lemma 17.7( 2) there exists a refinement W of cover U of class (P) of the same 
cardinality. We have a commutative diagram with exact rows 

C (U, F N ) — »■ . . . — - C(U, Fi) — »■ C(U, TZ) — - 



C (W, F N ) — >■ . . . — *- C{W, Fx) — C (W, ft) — 

or, equivalently, the collection of commutative diagrams with exact rows 
*C{U,Ki) ^C"(W, Ji) ^C(U,Ki-x) -0 



o — ^c{u\-Ri) — *c(u',Fi) — ^c{u\ni- x ) — -o, 

where TZi := Im ifi (0 < i < N — 1), TZq := TZ. In turn, each row yields the long 
exact sequence 

— T{V k , Ki) — T(V k , F % ) — r(H, — 

<pI-i v> 2 

H^U^^^H^U^^^^iU^i^^-H 2 ^,^)^ 1 < i < JV— 1, 

(and a similar one for W), where H l (U, TZi) := Z l {U, TZi)/B l {U, TZi) are the Cech co- 
homology groups corresponding to cover U. These sequences form the commutative 
diagram 

...^H\U, Ki) H\U, Ti) — H\U, Ki-x) — H l+ \U, TZi) . . . 

4 7]-! 7< +1 

. . . — H\U>, Hi) — H\W, T) — H\W, K^xf-^H^iW, TZi) - . . . 

where tjj, 7-_i, 7^ +1 are the corresponding refinement maps. 
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We have to show that given a G H l (U,7Z), I > 1, there exists a refinement W of 
cover U such that the image of a in H l (W, TZ) is zero. We construct this refinement 
using the following algorithm. 

Suppose that there exists a non-zero a G H l (U, TZi-i). Consider the following 
case: 

(*) 4>i +1 (°~) = 0. Then there exists 7] G H l {JA,T^) such that a = v^-i^)- We have 
l\-i{ a ) = (Pi-iY ( L i(v)) ■ By Lemma 17^51 t\ (H l (U. TS) = 0, hence the image of a by 
the refinement map 7j_ 1 (cr) = G H l (U', TZi-i). 

We start with TZq = TZ assuming that there exists a non-zero a G H l (U, TZ), I > 1. 
If case (*) occurs we set W := W . For otherwise, there exists 2 < k < s such 
that (ip l k +k o • • • o ip[ +1 )(a) = G H l+k (U,TZ k ). (Indeed, assuming the opposite we 
obtain a non-zero element of H l+s (U, TZ S ); however, since the cardinality of U is s, 
we have H l+s (U, 1Z S ) = 0, a contradiction.) Thus case (*) occurs for a := (ip 1 ^^ 1 o 
■ • • o ^| +1 )(cr) instead of a which implies that the image of a under the refinement 
map iJ' +fc_1 (W, TZk-i) — > H^^iU' ,1Z k -i) is zero. Further, starting with cover U' 
(instead of IX) and applying consequently case (*) to images of ("0p +p o- ■ • o-?/;| +1 )(cr), 
p = k — 2, . . . , 1, under the corresponding refinement maps we finally obtain the 
required refinement W of hi such that the image of a under the refinement map 
H l (U, TZ ) -> H l (W, TZ ) is zero. □ 

7.3. Proof of Proposition 17.21 The proof is based on the following lemma. 

Lemma 7.18. Let Uq <<= C n be an open polydisk, and K\, K2 G 0. Let 1Z be an 

analytic sheaf over Uq x (Ki U K 2 ). Let xo G Uq. 

Suppose that for every N > 1 sheaf TZ admits free resolutions of length N over 
Uo x K\ and Uq x K 2 . Then for any open subsets L\ d K\, L 2 d K 2 such that 
Li G £j (i = 1, 2j there exists an open neighbourhood Vq G Uq of xq such that for 
every N > 1 sheaf TZ admits a free resolution of length N over Vq x (Li U L 2 ). 

We prove Lemma 17.181 in the next subsection but now we use it in the proof of 
the proposition. 

Proof of Proposition \ 7. Let U (s C n be an open polydisk, x G U . Since sets 
V ^iPo) and Uq x G a are biholomorphic (see subsection 14.21) . it suffices to prove the 
proposition for a coherent sheaf A over Uq x G a . 

By the definition of a coherent sheaf (see (12 .4p ). there exists a finite open cover 
of {x } x G a by sets W 0ti x Lj, where W 0ji C U is an open neighbourhood of x , 
UjLj = G a , and for every N > 1 sheaf A admits free resolutions of length iV over 
each Wo t i x L,. 

By Lemma 17.31 there exists a collection of finite refinements 

C k (m) = {L):L k j e£l, 1 < J < m}, fc > 1, 

of open cover {L{\ such that L k+1 <s L k for all 1 < j < m, k > 1. 

Let k — 1. We apply Lemma 17.181 to sheaf ^4 with Lfi := L x m _ x , K 2 := L^, 
Li := -^2 := -^m-i t° obtain an open neighbourhood Vq := Vo, m C fljWo.i 
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of Xq such that for each N > 1 sheaf A has a free resolution of length N over 
Vo, m x {L 2 m _ x U L 2 m _ x ). 
Next, we set 

C k {m — 1) := {L\, . . . , L^_ 2 , l4,-l} > ^m-l := -^m-l U ^m) > 2. 

Taking k = 2 we apply an argument similar to the above to the cover C 2 (m — 1) 
of (5 a obtaining that for each N > 1 sheaf ^4 has a free resolution of length N over 
Vb,m-i x U -^m-i) f° r some open neighbourhood Vb, m _i C Vo, m of Xq. Then 

we define 

C k (m — 2) := . . . , L m __ 3 , 1/ m _ 2 }, £ TO _ 2 := ^4-2 u An-n ^ > 3, etc. 

After m — 1 steps we obtain that there exists an open neighbourhood Vo,i C rijWo,i 
of xq such that for each N > 1 sheaf .4 has a free resolution over Vo,i x G a , as 
required. □ 

7.4. Proof of Lemma 17.181 We will use the following notation. 

Let Mz X fc(C) be the space of I x k matrices C = (cy) with entries q,- G C endowed 
with norm \C\ := max{|ci 3 -|} i j_ 1 . We set Mfc(C) := M/ CX fc(C). 

Let GLfc(C) C Mfc(C) be the group of invertible matrices. We denote by / = Ik G 
GL k (C) the identity matrix. 

Let [To C C n be an open polydisk, K G H; set U :— Uq x K. The space 
0(C/, Mfe(C)) of holomorphic Mfc(C)-valued functions is endowed with norm 

||F||c :=sup|F(a;)|, F G 0(f/, M fc (C)). 

The subset 0{U,GL k (C)) C £>(£/, M fc (C)) of holomorphic GL fc (C)-valued maps 
on U has the induced topology of uniform convergence on compact subsets of U 
(see Lemma [7.4( 2)). 

The identity map (z, oS) — > I, (z, u) G U, will be denoted also by /. 

Lemma 7.19. Let U' := Uq x K' , U" := Uq x K" , where K' , K" G 0. Suppose that 
H G 0(U' fl U", GL k (C)) belongs to the connected component of the identity map I 
m 0(U'nU",GL k (C)). 

Then for any open polydisk Vq <e Uq and open subsets L' <s K' , L" <<= K" there 
exists a function H' G 0(V U V", GL k (C)), where V := V x V , V" := V x L" , 
such that H'\v'nv" — H\vr\V"- 

Proof. We may assume without loss of generality that polydisks Vo, Uq are centered 
at the origin G C n . 

First, suppose that \\I — H\\ v t n yn < |. Then we can define F := \ogH = 

- T,?=i iLz r 1 - e 0(V n V", M fe (C)) n C(F' n V", M k {C)). Let us show that there 
exists a function F' G 0(y'uy", Mfc(C) such that F'\ynv" = ^IvriV"- Indeed, we 
can expand the C(L'r\L", Mfc(C))- valued holomorphic function F(z, ■) in the Taylor 
series about 0, 

oo 

F(z,r ] ) = J2 b m(v)z m , z^Vq, ijGL'nl", 

m=0 
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where b m G C(L' fl L",M k (C)) and Vq is an open neighbourhood of Vb. Note that 
L'uL" is compact (as a closed subspace of compact space G a ), and hence is normal. 
Therefore, using the Tietze-Urysohn extension theorem, we can extend each b m to a 
function b m G Cil! U L", M k (C)) such that sup wg£ , ni „ \b m (u)\ = sup weZ , uZ „ |6 m (a;)|. 
Then we define 

oo 

F'(z, u) := t>m(u)z m , zeV , ueL'U L". 

m=0 

(Since the above series converges uniformly on relatively compact subsets of Vq, 
F' G 0(V' U V", Mfc(C) and satisfies the required condition.) 

Now, we set H' := exp(F') G 0(V U V",GL k (C)) completing the proof of the 
lemma in this case. 

Further, let H G 0(U' n U",GL k (C)) be an arbitrary GL fc (C)-valued bounded 
holomorphic map belonging to the connected component of the identity map / of 
0(U'nU",GL k (C)). 

Let us show that H\ V t\V" can be presented in the form 

(7.37) H\vnV" = H 1 ■ ■ ■ H l , 
where each W G 0(V n V", GL k (C)), l<i<l, satisfies 

(7.38) \\I - H l \\ v > nv » < -. 

In fact, since H belongs to the connected component of the identity map J, there 
exists a continuous path H t G 0{U' n U",GL k (C)) (t G [0,1]) such that H Q = I, 
Hi = H . Consider a partition = to < t\ < ■ ■ • < ti = 1 of the unit interval [0, 1], 
and define 

H\z,u) = H£ 1 (z,u)H u (z,u), (z,u) G V'nV", l<i<l, 

which gives us identity ( I7.37p . Provided that maxi<j</_i \ti + i — U\ is sufficiently 
small, inequality ( 1T.38j) holds for all 1 < i < I. 

Now, according to the first case there exist (H 1 )' G 0(V'UV", GL k (C)) such that 
(iP)Vnv» = H^v^yn. We define H' := (H 1 )' ■ ■ ■ (H 1 )'. □ 

Corollary 7.20. In the notation of Lemma \ 7.19[ for any open polydisk Vq <e Uq 
and open subsets L' d K' , L" d= K" there exist functions h! G 0(V,GL k (C)) , 
h" G 0(V",GL k (C)) such that 

H = h'h", on V n V". 

Proof. Let H' G 0(V U V" , GL k (C)) be as in Lemma EH Since H'\ v , nV n = 
H\vcw"i we can choose h' := H'\y, h" := I. □ 

Lemma 7.21. Any analytic homomorphism (p : 0\\j — > 0\ l v is determined by a 
holomorphic function $ G 0(U, Mj X fe(C)). 

The proof follows directly from the definitions. 
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Definition 7.22 (see |Lemj ). Let 1Z, Bi, 1 < i < N, be analytic sheaves over U. 
We say that a sequence 

(7.39) B N ^ ... — - B 2 — - — - 7e — - 

is completely exact if for any m > 1 the sequence of sections 

F(U, Hom (O m , Bat)) — >- . . . — *r(E7, Hom (O m , B 1 ))^T{U, Hom (O m , K))^~Q 
or, equivalently, 

(7.40) F(U, B™) — ^ . . . -^T(U, Bf) -^V{U, TT) — * 0, 
is exact. 

Here <S™ an d stand for the direct product of m copies of Bi and 71, re- 
spectively, and Homo(C m , Bi), Homo(O m , 1Z) are the sheaves of germs of analytic 
homomorphisms O m — > Bi, O m — > 1Z, respectively. 

Note that if sequence (17.401) is exact for m = 1, then it is exact for all m > 1. 
The next two lemmas are due to Lempert |Lem] . 

Lemma 7.23. Let B, C be analytic sheaves on U. If sequence B -V C ->• ■is 
completely exact, and tp : O k \u — > C is an analytic homomorphism, then there is an 
analytic homomorphism ip : O k \u — > B such that p = 'yip. 

Proof. We can take ip in the preimage of p under the surjective homomorphism 

7 : T{U,Rom {O k ,B)) ->• T(U, Rom {O k , C)) 
induced by 7 (see Definition I7.22[) . □ 

Lemma 7.24 (Three lemma). Let A, B and C be analytic sheaves on U . Suppose 
that sequence 

7 
— -^l — — — -0 

is completely exact. If two among A, B and C have free resolutions of length N + n, 
where n := dimc£/o; N > n + 2, then the third has a free resolution of length 
N-n-1. 

For the sake of completeness, we provide the proof of the lemma in the Appendix; 
but now we will use it in the proof of Lemma 17.181 



Proof of Lemma \7JB\ We denote V x := U x K x , U 2 := U x K 2 . Let N > n+1. 
Consider free resolutions of TZ of length M > AN , 

(7.41) O^lu,^ .. 0*1.*^.-^ ft| 0, i = l,2. 
Consider the end portions of (I7.4ip : 

(7.42) o^lu^TZlu^O, % = l,2. 

Let U :=U x {K x U K 2 ). We denote by m : O k % © O k % ->• O k %, i = 1,2, the 
natural projection homomorphisms. 

First, let us show that there exists an injective analytic homomorphism H : 
O kl \u®O k2 \u O kl \u®O k2 \u such that a^H = a 2 ix 2 . By Proposition O^l) se- 
quence (I7.4ip truncated to the iV-th term (and, hence, sequence (I7.42p ) is completely 
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exact. By Lemma [7.231 we can factor a\ = a 2 tp, a 2 = oti<p on JJ\ fl U 2 for some ana- 
lytic homomorphisms ip : O kl \ UinU2 ->■ O k2 \ UinU2 , ip : O k2 \ UinU2 O kl \ UinU2 . Now, 
identifying sheaf homomorphisms ip, ip with the holomorphic matrix functions that 
determine them (see Lemma [7. 21 p . we define 

"=('o £)( * £)~W.ntf„GL,<c)), 

where k := ki + /c 2 . It is immediate that a\K\H = a 2 7t 2 . The map H belongs to the 
connected component of the identity map in Oi\J\ fl U 2 ,GL k (C)). Indeed, consider 
a path H t G 0{U X n 17 2 , GL k (C)) (t G [0, 1]), 

/ i kl *p \ ( i h o y 1 

* • \ I k2 J\ti> I k2 J ' 

so that H = I k , H 1 = H. 

Next, let Li <e G £2 (i = 1, 2) and V d f/ be an open poly disk, x G V . 

Let L™ G (z = 1,2), m > 1, be the collection of open subsets of Ki such that 
Li m Lf +1 gi™ mKi for all m > 1 (i = 1,2) obtained in Lemma 0(3). 

Let {Vo m } be a collection of open polydisks such that V <s V m+1 <e V m (e C/ for 
all m > 1. 

We set V t m := V m x L™, V { := Vo X L< (i = 1, 2), m > 1. 
We now amalgamate the free resolutions of 7?. over U T4- 
Let m = 1. By Corollary EM] there exist functions ^ G 0(V?, GL k (C)) (i = 1, 2) 
such that H = hih 2 on V^ 1 fl V 2 l . Since ol-^KxH = a 2 ir 2 , the sheaf homomorphisms 

aiTn/ii : O kl \ v i © fe2 | y i — -^|^x — -0, 

a 2 n 2 h^ : O k ^\ v i © fc2 | y i — -^|v^x — -0 
coincide over V± fl V 2 \ they induce an analytic homomorphism 

a : O fcl |vi uv i © O k2 \ v i uV i — ^TZ\ v i uV i. 
Let Hi := Ker a. The sequence 

is completely exact over sets and V 2 since sequences (17.421) are. By Lemma 17.241 
the analytic sheaf IZi has free resolutions over and V 2 (of length AN — In — 1) 
because two other sheaves have. 

Provided that M was chosen sufficiently large, we can repeat this construction 
N — 1 times over subsets V™, V 2 m , 1 < m < N — 1, obtaining in the end a free 
resolution of 7£ over V1UV2 having length AT. Since Vo, Li, L 2 and A?" were arbitrary, 
the required result follows. □ 

8. Proof of Theorem 14.61 

Proof. Let y := F(zo) for some z G M. Then y G X Ho for some H E T 
(see subsection 14.11) . Also, yo is contained in a coordinate chart U.(Uo,K) C c a X. 
In what follows, we identify U.(Uq,K) with Uq x iv", see subsection I4.2[ so that 
l/o — (^Oj^o) f° r some x G U , T] G if. Let ttk '■ Uq x if — >- if be the natural 
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projection. Then for each h G C(K) the pullback h K := (n K )*h G O(U ,K) and is 
constant on subsets Uq x {77} for all 77 G K. Since F is a holomorphic map, F*hx 
is holomorphic on open subset F~ 1 (?7o x K) C M. Since the complex conjugate 
hjc of /ix also belongs to O(U ,K), the function F*h K = F*hx is holomorphic on 
F^ 1 (Uq x iT) as well. Therefore, F*Iik must be locally constant. Let W C M be 
the connected component of F^ 1 (f/o x iT) containing z ; then F*hx = ^(^0) 011 W^- 

Now, let us show that F(W) C £/o x {^0} C -^Cff . Indeed, there exist open 
subsets L A C X (A G A) such that r] G L A for all A and r\\ e \L\ = {^o}- Since 
G a is a compact space and each subset L\ is open in G a , for every A there exists a 
continuous partition of unity subordinate to the open cover {L x ,G a \ {r]o}} of G a . 
We denote by h\ G C(K) the restriction to K of the element of the partition of 
unity with support in L\. Then < h\ < 1, h\(r}o) = 1, /ia(^) = on K\L\. Since 
F*{h\) K = h\(rjo) = 1 for all A, we obtain that F(W) C [/ x L A for all A; hence, 
cU x n XeA L x = U Q x {7/0} C X Ho . 

We have established that every point in M has a neighbourhood such that 
F(W) C X H for some H G T. Since X Hl nX ffj = if #1 ^ #2 and M is 
connected, the latter implies that F(M) C Xh for a certain Hq and completes the 
proof of the theorem. □ 



9. Appendix 

9.1. Proof of Proposition 14.71 First, let A be a coherent subsheaf of O k and 
let U G 05 (see (I4.4|) ). By Lemma I7T4T 2) there exist open sets V*. G 03 such that 
Vk <s Vfc + i d £/ for all k, and £/ = UfcVfc. We endow space T(U, A) of sections of 
sheaf A over U with the topology of uniform convergence on Vk for all k. Then 
r(£/, A) becomes a metrizable vector space. We have to show that space T(U,A) is 
complete, i.e., it is a Frechet space. 

It is easy to see that space T(U, O k ) endowed with such topology is complete. 
Since A is coherent, we may assume that there exists a free resolution (12. 4p of A 
over U of length 4N, N > n := dinicX . Therefore, we have a short exact sequence 

O^Ker tp^O m \u^A\u^0, 

where 1 denotes the inclusion. In the proof of Proposition 17.1( 1) we have shown that 
the sequence of sections 

(9.1) 0^r(f/,Ker tp) -X T{U, O m ) T{U, A) — 

is exact (see Lemmas 17.151 and 17.171) . By our assumption T(U,A) C T(U, O k ). 
By Lemma E2U the F(U, £>)-module homomorphism <p : T(U,O m ) ->■ T(U,O k ) is 
determined by a x m matrix with entries in 0(U), hence it is continuous; further, I 
is continuous. Since sequence (19.11) is exact, T(U, Ker ip) = Ker tp, hence T(U, Ker ip) 
is closed. Therefore, T(U,A), being a quotient of a complete space by its closed 
subspace, is a complete space. 

We note that by the open mapping theorem the topology on T(U,A) coincides 
with the quotient topology determined by (19.11) . 
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Now, let A be an arbitrary coherent sheaf on c a X. Similarly, we have a free 
resolution f!2.4[) of A over a neighbourhood U of length AN, N > n, which yields a 
short exact sequence of sheaves 



(9.2) 



0- 



Ker ip ■ 



O m \ 



■A 



u ■ 



■0 



and an exact sequence of sections 



(9.3) 



— T{U, Ker tp) -^T{U, O r ' 



T{U,A)^0. 



Using Lemma 17.241 (Three lemma), we obtain that Ker *p is a coherent subsheaf 
of O m \u, so by the previous part the subspace T(U, Ker tp) C T(U, O m ) is closed. 
We introduce in T(U, A) the quotient topology defined by (19. 3p which makes it a 
complete (i.e., Frechet) space and also implies the last assertion of the proposition 
concerning the family of semi- norms determining the topology in T(U,A). 

Let us show that thus defined topology on T(U, A) does not depend on the choice 
of resolution (19. 2p . Suppose that there is another resolution 







■ Ker ip' ■ 



v ■ 



■A 



u ■ 



■0. 



By Lemma [9.11 there is a homomorphism ip : O m \u — > O r 
of exact sequences of sheaves 



such that the diagram 



\u 



O m '\u 



A\ 



A\ 



u 



u 



is commutative. Therefore, we have a commutative diagram 



T(U, O m ) 



T{U,O m ') 



r(u,A) 



r(u,A) 



o 



of exact sequences of sections. By our construction tp, <p' are continuous and surjec- 
tive, ijj is continuous as a homomorphism of sections of free sheaves. By the open 
mapping theorem the preimage of an open set by A -1 = (p o (ip)' 1 o (<^') _1 is open, 
so A is continuous and, hence, it is a homeomorphism. 

Finally, let 7 : A — > B be an analytic homomorphism. Let us show that 7 is 
continuous. Analogously to the previous part applying Lemma 19.11 we obtain a 
commutative diagram of exact sequences of sheaves which yields a commutative 
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diagram of exact sequences 

T(U, O m ) T(U, A) 

i> 

T(U,O m ')\u - > T{U,B) -0. 

As before, the continuity of 7 can be deduced from the continuity of the other 
homomorphisms in the diagram. This completes the proof of the proposition. 

9.2. Proof of Lemma 17.241 We will need the following lemmas. 

Lemma 9.1. Let A be an analytic sheaf on U that admits a free resolution of length 
N 

(9.4) jr N \ u ^_ t ^jr 2 \ u ^jr 1 \ u ^ A ^ Q ^ 

Given a completely exact sequence of analytic sheaves Bi on U , < i < N , 

ftv-i ft Po 

(9.5) B N — ^ . . . — *- B 2 — >■ B x — ^ B — 

a sheaf homomorphism $0 : A — > Bq can be extended to a homomorphism : 
Tj\u ->• Bj (0 < j < N) of sequences (tLfy , ( TO) . 



Proof. The proof is by induction. We put <£>_x := 0, := 0. Suppose that for 
0<J<t, r < N — 1 the homomorphisms : J-j\u —> Bj have been constructed, 
so that ^j-iifj-i = If r — N — 1, then we are done. For r < iV — 1 we have 

/3 r _i($ r V9 r ) = $ r _ 1 ( y 9 r ._ 1 (^ r . = 0. The sequence 

T(U, Hom ( T r+1 , B r+1 )) — • • • — * T{U, Hom ( F r+1 , Bq)) — 

is exact since (I9.5P is completely exact (see Definition 17.221) . hence there is a ho- 
momorphism $, r+1 G T(U, Homo(Jv + i, B r+ i)) such that & r ip r = /3 r $ r+1 over U, as 
required. □ 

Lemma 9.2. Given a free resolution of an analytic sheaf A on U of length N 
the sheaf Ker y2 n _i = Im ip n on U , 1 < n < N — 1, has a free resolution of length 
N — n. 

Proof. Follows immediately from Definition 17.141 of a free resolution of an analytic 
sheaf. □ 

Lemma 9.3. Let Ao be an analytic sheaf over U. Suppose that for a given N > 1 
there exists a completely exact sequence of analytic sheaves A% on U , 1 < i < 2N + 2, 

(9.6) A 2N +2^ ... -^Ai^Ao^O 

such that sheaves Ai, 1 < % < IN + 2, have free resolutions of length n + N, where 
n := dime Uq. Then Ao has a free resolution of length N. 
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Proof. Let M := 2N + 2. 

(1) First, we construct a completely exact sequence of length M — 2 of the form 



(9.7) 



B 



pM-3 



M-2 ■ 



„ Pi „ £ o , 

^B 2 ^B 1 ^A ^0, 



where B\ = O k \u for some k > is a free sheaf and B k , 2 < k < M — 2, are analytic 
sheaves on U having free resolutions of length N + n — 1. Let 



n+N,k ' 



Life *■ Ak ' 



■0 



be a free resolution of ^4^, 1 < < M. By Lemma [9.1 1 there exist analytic homo- 

morphisms ip k such that the diagram 

(9.8) 





A 



"M-l 



a 2 



M 



4>M-1 



M 



A 2 



ax 



Al 



is commutative. Let us show that the sequence 

Pm-i 



(9.9) 



J 7 !^ © Ker u M -i 



fa Pi Pa 

— *■ ^1,2 © Ker wi — » J 7 ^! — 5- ^4 ■ 







truncated to term © Ker ujm-z is completely exact. Here /3q := ao^i, /?i := 

•01 — Li, where i k : Ker ^ .Fi,* is an inclusion, and = © ipk-iji^k — L k), 
k>2. 

Indeed, we apply to (19. 8p and (19. 9p left exact functor T(U, Homo(£, •)), where £ 
is a free sheaf. Let 

A k := T(U, Hom (£, A k )), (0 < k < M), 

F k := T(U, Hom (£, (1 < fc < M). 

Then we obtain commutative diagrams of abelian groups 
(9.10) 





A 



a M-l 



a 2 



M 



Ax 



«»2 



UIl 
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and 

(9.11) F M © Ker w M -i^ ■ ■ ■ F 2 © Ker w x F 1 ^ A — * 0. 

Note that complete exactness of sequence (I9.9P truncated to term J r 1M _ 2 ©Ker wa/-3 
is equivalent by definition to the exactness of sequence (19.111) truncated to term 
Fm-2 © Ker %_ 3 . By Definition 17.221 the middle row of (I9.10p is exact. Also, by 
Proposition 17.1( 1) each Wk, 1 < k < M, is surjective, so the columns of (19.101) are 
exact. Hence, we have analogous identities 

(9.12) b = a wt, b 1 =p 1 -i 1 , b k = (ik © Pk-i){Pk - ik), 

where ik : Ker Wk c -» Fk is an inclusion. Let us show that (19. lip is exact up to term 
Fm-2 © Ker %_ 3 . First, note that b is surjective because both a and W\ are. 
Second, if £ G Ker 6 , then u>i(£) G Ker ao = Im ai = Im aiu^ = Im toipi. Here we 
have used the fact that w 2 is surjective. Let w\(£) = itfi(pi(C)) an d r := Pi(C) ~ £ £ 
Ker u>i, so that £ = bi((,r) G Im &i. Third, if 1 < k < M — 3, and (£,??) G Ker = 
Ker (p k - i k ), then r? = and = w k (pk(0) = ak(w k+ i(0)i hence G 

Im a fc+ i = Im a k+1 w k +2 = Im u> fe+1 p fe+ i. Choose ( so that u>fc+i(£) = w k +i(p k +i(0) ■ 
Then r := pfc+i(C) ~~ £ £ Ker Wfc+i- We conclude that (£,?]) = bk+i((,r) G Im 
i.e., sequence (19.111) is indeed exact up to term Fm-2 © Ker wms- 

Now, by Lemma [9T21 each ^^©Ker u)k-i has a free resolution of length N+n — 1. 
Hence, if we take 

Si:=Ji,i, e :=A), S fe := .Fi,* © Ker w fc _i, 2 < fc < M - 2, 

we obtain the required completely exact sequence (19. 7p . 

(2) Now, consider completely exact sequence obtained from (19 .7p . 

Pm-i P 2 Pi 

B M ^ ... — ~£ 2 ^Ker e ^0. 

Applying case (1) to this sequence we obtain that there is a completely exact se- 
quence 

£>m-4 — »- • • ■ — *■ T> 3 — ^ T> 2 Ker e — ^ 0, 

where T> 2 is a free sheaf, and each sheaf T>k, 3 < k < M — 4, has a free resolution of 
length N + n — 2. Therefore, we have a completely exact sequence 

Pm-j — ... -^V 3 ^V 2 ^B 1 ^A ^Q. 

Continuing in this way (applying a similar argument to resolution of Ker ex, etc.) 
we finally obtain a free resolution of Aq of length N. □ 



Proof of Lemma 7.24 We can assume that A C B and that (3 is the inclusion map. 

(a) If A and B have free resolutions of length N + n, then Lemma 19731 implies that 
C has a free resolution of length N (and, in particular, of length N — n — 1). 

Consider two remaining cases. Sheaf C has a free resolution of length N + n, 

(9.13) .^—^...—^J^c^o 
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for some open V C U . By Proposition 17.1( 1) sequence (19.131) is completely exact. 
By Lemma 17.231 there is a commutative diagram 





(9.14) —^-B ' — >C -0. 




Let i : Ker if — > T\ denote the inclusion. Let us show that the sequence 

(9.15) o— ^Ker^— ^^©J 7 !— ^B— ^0 

is completely exact. 

We apply functor T(U, Hom (£ , •)) to (19.141) and (19.151) . where £ is a free sheaf. 
We obtain diagrams of abelian groups 



>■ A - — - B C -^C -0 




/ 



Fx 

and 

pffi* b—p 

(9.16) O^Ker f^A®F!^B^0. 

The first diagram is commutative, its top row is exact (see Definition 17.221) . By 
Proposition 17.1( 1) we may assume that / is surjective. The latter sequence is a 
complex and is exact at Ker /. We have to check that it is exact at the next two 
terms. If (£,77) G Ker {b — p) then p(rj) = = £, = c(p(r))) = f(r)). Thus, 
T] G Ker / and (£, 77) = (p © i)ijf) G Im (p © z), hence (19.161) is exact in the middle 
term. On the other hand, if ( G B, then with some rj G F 

-c(C) = fiv) = c(p(v)), 

i.e., 

C + p{v) = £ G Ker c = A. 

Thus, ( = £ — ^0(77) G Im (b — p). We obtain that sequence (19.161) is exact, hence 
sequence (I9.15P is completely exact. 

Note that by Lemma [9.21 Ker ip has a free resolution of length N + n — 1. 
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(b) The sheaf A © T\ has a free resolution of length N + n — 1 over Uq x K. By 
Lemma 19.31 sheaf B has a free resolution of length N — 1 over Uq x K (in particular, 
of length N — n — 1 ) . 

(c) We may assume that B has a free resolution of length N + n — l over Vq x iT. 
Since Ker tp has a free resolution of length N + n — 1, by (b) ^4 © J 7 has a free 
resolution of length N — 1. Since sequence 0— )■ T — )■ A®T — > A — > is completely 
exact as J 7 is a free sheaf (see Corollary 17.121) . we obtain by part (a) that A has a 
free resolution of length N — n — 1. □ 
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